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We study the interaction-induced quantum correction δσαβ to the conductivity tensor of electrons
in two dimensions for arbitrary Tτ (where T is the temperature and τ the transport scattering time),
magnetic field, and type of disorder. A general theory is developed, allowing us to express δσαβ
in terms of classical propagators (“ballistic diffusons”). The formalism is used to calculate the
interaction contribution to the longitudinal and the Hall resistivities in a transverse magnetic field
in the whole range of temperature from the diffusive (Tτ ≪ 1) to the ballistic (Tτ & 1) regime, both
in smooth disorder and in the presence of short-range scatterers. Further, we apply the formalism
to anisotropic systems and demonstrate that the interaction induces novel quantum oscillations in
the resistivity of lateral superlattices.
PACS numbers: 72.10.-d, 73.23.Ad, 71.10.-w, 73.43.Qt
I. INTRODUCTION
The magnetoresistance (MR) in a transverse field B
is one of the most frequently studied characteristics of
the two-dimensional (2D) electron gas1,2. Within the
Drude-Boltzmann theory, the longitudinal resistivity of
an isotropic degenerate system is B–independent,
ρxx(B) = ρ0 = (e
2νv2F τ)
−1, (1.1)
where ν is the density of states per spin direction, vF the
Fermi velocity, and τ the transport scattering time. De-
viations from the constant ρxx(B) are customarily called
a positive or negative MR, depending on the sign of the
deviation. There are several distinct sources of a non-
trivial MR, which reflect the rich physics of the magne-
totransport in 2D systems.
First of all, it has been recognized recently that even
within the quasiclassical theory memory effects may lead
to strong MR3,4,5,6,7,8,9. The essence of such effects is
that a particle “keeps memory” about the presence (or
absence) of a scatterer in a spatial region which it has
already visited. As a result, if the particle returns back,
the new scattering event is correlated with the original
one, yielding a correction to the resistivity (1.1). Since
the magnetic field enhances the return probability, the
correction turns out to be B-dependent. As a prominent
example, memory effects in magnetotransport of com-
posite fermions subject to an effective smooth random
magnetic field explain a positive MR around half-filling
of the lowest Landau level7. Another type of memory
effects taking place in systems with rare strong scatter-
ers is responsible for a negative MR in disordered antidot
arrays3,4,5,8,9. However, such effects turn out to be of a
relatively minor importance for the low–field quasiclassi-
cal magnetotransport in semiconductor heterostructures
with typical experimental parameters, while at higher B
they are obscured by the development of the Shubnikov-
de Haas oscillation (SdHO).
Second, the negative MR induced by the suppression
of the quantum interference by the magnetic field is a
famous manifestation of weak localization1. While the
weak-localization correction to conductivity is also re-
lated to the return probability, it has (contrary to the
quasiclassical memory effects) an intrinsically quantum
character, since it is governed by quantum interference of
time-reversed paths. As a result it is suppressed already
by a classically negligible magnetic field, which changes
relative phases of the two paths. Consequently, the cor-
responding correction to ρxx in high-mobility structures
is very small and restricted to the range of very weak
magnetic fields.
Finally, another quantum correction to MR is induced
by the electron–electron interaction. While this effect is
similar to those discussed above in its connection with the
return probability (see Sec. IV below), it is distinctly dif-
ferent in several crucial aspects. In contrast to the mem-
ory effects, this contribution is of quantum nature and is
therefore strongly T -dependent at low temperatures. On
the other hand, contrary to the weak localization, the in-
teraction correction to conductivity is not destroyed by a
strong magnetic field. As a result, it induces an apprecia-
ble MR in the range of classically strong magnetic fields.
This effect will be the subject of the present paper.
It was discovered by Altshuler and Aronov1 that the
Coulomb interaction enhanced by the diffusive motion of
electrons gives rise to a quantum correction to conduc-
tivity, which has in 2D the form (we set kB = ~ = 1)
δσxx ≃ e
2
2π2
(
1− 3
2
F
)
lnTτ, T τ ≪ 1. (1.2)
The first term in the factor (1 − 32F) originates from
the exchange contribution, and the second one from the
Hartree contribution. In the weak-interaction regime,
κ ≪ kF , where κ = 4πe2ν is the inverse screen-
ing length, the Hartree contribution is small, F ∼
(κ/kF ) ln(kF /κ) ≪ 1. The conductivity correction (1.2)
is then dominated by the exchange term and is negative.
The condition Tτ ≪ 1 under which Eq. (1.2) is derived1
implies that electrons move diffusively on the time scale
1/T and is termed the “diffusive regime”. Subsequent
2works10,11 showed that Eq. (1.2) remains valid in a strong
magnetic field, leading (in combination with δσxy = 0)
to a parabolic interaction–induced quantum MR,
δρxx(B)
ρ0
≃
(
1− 3
2
F
)
(ωcτ)
2 − 1
πkF l
lnTτ, T τ ≪ 1,
(1.3)
where ωc = eB/mc is the cyclotron frequency and
l = vF τ the transport mean free path. In-
deed, a T –dependent negative MR was observed in
experiments12,13,14,15,16 and attributed to the interac-
tion effect. However, the majority of experiments12,13,14
cannot be directly compared with the theory1,10,11 since
they were performed at higher temperatures, Tτ & 1.
(In high-mobility GaAs heterostructures conventionally
used in MR experiments, 1/τ is typically ∼ 100 mK and
becomes even smaller with improving quality of sam-
ples.) In order to explain the experimentally observed
T -dependent negative MR in this temperature range the
authors of Refs. 12,13 conjectured various ad hoc exten-
sions of Eq. (1.3) to higher T . Specifically, Ref. 12 conjec-
tures that the logarithmic behavior (1.3) with τ replaced
by the quantum time τs is valid up to T ∼ 1/τs, while
Ref. 13 proposes to replace lnTτ by −π2/2Tτ . These
proposals, however, were not supported by theoretical
calculations. There is thus a clear need for a theory of
the MR in the ballistic regime, T & 1/τ .
In fact, the effect of interaction on the conductiv-
ity at T & 1/τ has been already considered in the
literature17,18,19,20,21,22,23. Gold and Dolgopolov17 an-
alyzed the correction to conductivity arising from the
T -dependent screening of the impurity potential. They
obtained a linear-in-T correction δσ ∼ e2Tτ . In the
last few years, this effect attracted a great deal of in-
terest in a context of low-density 2D systems showing a
seemingly metallic behavior24,25, dρ/dT > 0. Recently,
Zala, Narozhny, and Aleiner18,19,20 developed a system-
atic theory of the interaction corrections valid for arbi-
trary Tτ . They showed that the temperature-dependent
screening of Ref. 17 has in fact a common physical origin
with the Altshuler-Aronov effect but that the calculation
of Ref. 17 took only the Hartree term into account and
missed the exchange contribution. In the ballistic range
of temperatures, the theory of Refs. 18,19,20, predicts,
in addition to the linear-in-T correction to conductivity
σxx, a 1/T correction to the Hall coefficient
19 ρxy/B at
B → 0, and describes the MR in a parallel field20.
The consideration of Ref. 18,19,20 is restricted, how-
ever, to classically weak transverse fields, ωcτ ≪ 1, and
to the white-noise disorder. The latter assumption is be-
lieved to be justified for Si-based and some (those with
a very large spacer) GaAs structures, and the results of
Refs. 18,19,20 have been by and large confirmed by most
recent experiments26,27,28,29,30,31,32 on such systems. On
the other hand, the random potential in typical GaAs
heterostructures is due to remote donors and has a long–
range character. Thus, the impurity scattering is pre-
dominantly of a small–angle nature and is characterized
by two relaxation times, the transport time τ and the
single-particle (quantum) time τs governing damping of
SdHO, with τ ≫ τs. Therefore, a description of the MR
in such systems requires a more general theory valid also
in the range of strong magnetic fields and for smooth
disorder. [A related problem of the tunneling density of
states in this situation was studied in Ref. 33.]
In this paper, we develop a general theory of the
interaction–induced corrections to the conductivity ten-
sor of 2D electrons valid for arbitrary temperatures,
transverse magnetic fields, and range of random poten-
tial. We further apply it to the problem of magneto-
transport in a smooth disorder at ωcτ ≫ 1. In the bal-
listic limit, Tτ ≫ 1 (where the character of disorder is
crucially important), we show that while the correction
to ρxx is exponentially suppressed for ωc ≪ T , a MR
arises at stronger B where it scales as B2T−1/2. We also
study the temperature-dependent correction to the Hall
resistivity and show that it scales as BT 1/2 in the bal-
listic regime and for strong B. We further investigate a
“mixed-disorder” model, with both short-range and long-
range impurities present. We find that a sufficient con-
centration of short-range scatterers strongly enhances the
MR in the ballistic regime.
The outline of the paper is as follows. In Sec. II
we present our formalism and derive a general formula
for the conductivity correction. We further demonstrate
(Sec. II C) that in the corresponding limiting cases our
theory reproduces all previously known results for the
interaction correction. In Sec. III we apply our formal-
ism to the problem of interaction-induced MR in strong
magnetic fields and smooth disorder. Section IV is de-
voted to a physical interpretation of our results in terms
of a classical return probability. In Sections V and VI we
present several further applications of our theory. Specif-
ically, we analyze the interaction effects in systems with
short-range scatterers and in magnetotransport in mod-
ulated systems (lateral superlattices). A summary of our
results, a comparison with experiment, and a discussion
of possible further developments is presented in Sec. VII.
Some of the results of the paper have been published in
a brief form in the Letter34.
II. GENERAL FORMALISM
A. Smooth disorder
We consider a 2D electron gas (charge −e, mass m,
density ne) subject to a transverse magnetic field B and
to a random potential u(r) characterized by a correlation
function
〈u(r)u(r′)〉 = w(|r − r′|) (2.1)
with a spatial range d. The total (τ−1s ) and the transport
(τ−1) scattering rates induced by the random potential
3are given by
1
τs
= 2πν
∫ 2pi
0
dφ
2π
W (φ), (2.2)
1
τ
= 2πν
∫ 2pi
0
dφ
2π
W (φ)(1 − cosφ), (2.3)
where W (φ) = w˜(2kF sin
φ
2 ) is the scattering cross-
section. We begin by considering the case of smooth
disorder, kFd≫ 1, when τ/τs ∼ (kF d)2 ≫ 1; generaliza-
tion onto systems with arbitrary τ/τs will be presented
in Sec. II B. We assume that the magnetic field is not
too strong, ωcτs ≪ 1, so that the Landau quantization is
destroyed by disorder. Note that this assumption is not
in conflict with a condition of classically strong magnetic
fields (ωcτ ≫ 1), which is a range of our main interest in
the present paper.
We consider two types of the electron-electron interac-
tion potential U0(r): (i) point-like interaction, U0(r) =
V0, and (ii) Coulomb interaction, U0(r) = e
2/r. In or-
der to find the interaction-induced correction δσαβ to the
conductivity tensor, we make use of the “ballistic” gener-
alization of the diffuson diagram technique of Ref. 1. We
consider the exchange contribution first and will discuss
the Hartree term later on. Within the Matsubara formal-
ism, the conductivity is expressed via the Kubo formula
through the current-current correlation function,
σαβ(iΩk) =
nee
2
mΩk
δαβ
− 1
Ωk
∫ 1/T
0
dτ
∫
d2r〈Tτ jˆα(r, τ)jˆβ(0, 0)〉eiΩkτ ,
(2.4)
where Ωk = 2πkT is the bosonic Matsubara frequency.
Diagrams for the leading-order interaction correction are
shown in Fig. 1 and can be generated in the following way.
First, there are two essentially different ways to insert an
interaction line into the bubble formed by two electronic
Green’s function. Second, one puts signs of electronic
Matsubara frequencies in all possible ways. On the third
step, one connects lines with opposite signs of frequencies
ǫn > 0, ǫm < 0 by impurity–line ladders (which are not
allowed to cross each other). Finally, in the case of the
diagram a, where four electronic lines form a “box”, one
should include two additional diagrams, b and c, with an
extra impurity line (“Hikami box”).
The impurity–line ladders are denoted by shaded
blocks in Fig. 1; we term them “ballistic diffusons”. For-
mally, the ballistic diffuson is defined as an impurity aver-
age (denoted below as 〈. . .〉imp) of a product of a retarded
and advanced Green’s functions,
D(iǫm, iǫn; r1, r2; r3, r4)
= θ(−ǫmǫn)〈G(r1, r2; iǫm)G(r3, r4; iǫn)〉imp.
(2.5)
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FIG. 1: Exchange diagrams for the interaction correction to
σαβ. The wavy (dashed) lines denote the interaction (impu-
rity scattering), the shaded blocks are impurity ladders, and
the +/− symbols denote the signs of the Matsubara frequen-
cies. The diagrams obtained by a flip and/or by an exchange
+ ↔ − should also be included. “Inelastic” part of the dia-
grams f, g is canceled by a contribution of the Coulomb-drag
type, see Appendix A.
Following the standard route of the quasiclassical formal-
ism35,36,37, we perform the Wigner transformation,
D(iǫm − iǫn;R1,p1;R2,p2) =
∫
drdr′
×e−i[p1−(e/c)A(R1)]re−i[p2−(e/c)A(R2)]r′
×D(iǫm, iǫn;R1, r;R2, r′), (2.6)
where R1 = (r4 + r1)/2, R2 = (r2 + r3)/2, r = r4 − r1,
and r′ = r2− r3. Note that the factors depending on the
vector potential make the ballistic diffuson (2.6) gauge-
invariant. Finally, we integrate out the absolute values
of momenta p1,2 and get the final form of the ballistic
diffuson
D(iωl;R1,n1;R2,n2)
=
1
2πν
∫
p1dp1
2π
∫
p2dp2
2π
D(iωl;R1,p1;R2,p2),
(2.7)
which describes the quasiclassical propagation of an elec-
tron in the phase space from the point R2,n2 to R1,n1.
Here n is the unit vector characterizing the direction of
velocity on the Fermi surface. The ballistic diffuson sat-
isfies the quasiclassical Liouville-Boltzmann equation[
|ωl|+ ivF q cos(φ− φq) + ωc ∂
∂φ
+ Cˆ
]
D(iωl,q;φ, φ′)
= 2πδ(φ− φ′), (2.8)
where φ (φq) is the polar angle of n (q) and Cˆ is the col-
lision integral, determined by the scattering cross-section
4−
+ +
+
d d
+
+
+
−
−
−
−
−
+
+
−
− −
d d
++
++
− 
−
−
FIG. 2: Diagrams obtained by a flip and/or by an exchange
+↔ − from the diagram d.
W (n,n′). For the case of a smooth disorder, the collision
integral is given by
Cˆ = − 1
τ
∂2
∂φ2
. (2.9)
In contrast to the diffusive regime, where D has a uni-
versal and simple structure D(iωl,q) = 1/(Dq2 + |ωl|)
determined by the diffusion constant D only, its form in
the ballistic regime is much more complicated. We are
able, however, to get a general expression for δσαβ in
terms of the ballistic propagator D(ωl,q;n,n′).
The temperature range of main interest in the present
paper is restricted by Tτs ≪ 1, since at higher T the
MR will be small in the whole range of the quasiclassical
transport ωcτs ≪ 1 (see below). In this case the ladders
are dominated by contributions with many (≫ 1) impu-
rity lines. We will assume this situation when evaluating
diagrams in the present subsection. A general case of
arbitrary Tτs and τs/τ will be addressed in Sec. II B.
We start with the diagrams d and e that give rise to the
logarithmic correction in the diffusive regime1. Let us fix
the sign of the external frequency, Ωk > 0. Each of the
diagrams d and e generates four diagrams by a flip with
respect to the horizontal line or by exchange +↔ −, see
Fig. 2. Consider first the diagram d++. There are two tri-
angular boxes containing each a current vertex and three
electron Green’s functions (Fig. 3). In the quasiclassical
regime ωcτs ≪ 1 one may neglect the effect of magnetic
field on the Green’s functions (keeping ωc in the ballis-
tic propagators only). Furthermore, using Tτs ≪ 1, we
neglect the difference in momenta and frequencies in the
Green’s functions, since typical values of frequencies iΩk,
iωl and momenta q carried by the ballistic diffusons are
set by the temperature. Each triangle then reads
Γα(n) =
e
m
∫
pdp
2π
p nα
(−ξp + i/2τs)2(−ξp − i/2τs)
≃ i2πντ2s evFnα, (2.10)
where ξp = p
2/2m − µ. Combining the triangles with
the three ballistic propagators separated by the impurity
lines (see Fig. 3), we obtain the following expression for
the electronic part of the diagram d++,
(2πν)3
∫ 6∏
i=1
dφi
2π
D(iωl,q;φ, φ1)W (φ1 − φ2)Γα(φ2)
×W (φ2 − φ3)D(iωl − iΩk,q;φ3, φ4)W (φ4 − φ5)
×Γβ(φ5)W (φ5 − φ6)D(iωl,q;φ6, φ′)
≡ 4πσ0
τ
Bdαβ(iωl,−iΩk,q;φ, φ′). (2.11)
In what follows we will use for brevity a short-hand no-
tation
(2πν)3DWΓαWDWΓβWD
for the l.h.s. of (2.11) and analogous notations for
other structures of this type. Making use of the small-
angle nature of scattering in a smooth random poten-
tial, we can replace the W (φi − φj) factors in (2.11) by
(ντs)
−1δ(φi − φj), yielding
Bdαβ(q, iωl, iΩk;φ, φ′)
≃ −D(iωl,q)nαD(iωl + iΩk,q)nβD(iωl,q).
In the exchange term (calculated in the present subsec-
tion) this structure is further integrated over the angles
φ and φ′,
Bdαβ(iωl, iΩk,q) = 〈Bdαβ(iωl, iΩk,q;φ, φ′)〉. (2.12)
The angular brackets 〈. . .〉 denote averaging over velocity
directions, e.g.
〈nxDnx〉 ≡
∫
dφ1
2π
dφ2
2π
cosφ1D(ωl,q;φ1, φ2) cosφ2.
The fermionic frequencies obey the inequalities ǫm > 0,
ǫm − ωl < 0, and ǫm − Ωk > 0, which implies ωl >
ǫm > Ωk, so that the summation over ǫm gives the factor
(ωl − Ωk)/2πT .
The diagram d−− has the same structure (both tri-
angles have opposite signs, thus the total sign remains
unchanged), but the frequency summation is restricted
by ǫm < 0, ǫm − ωl > 0, and ǫm − Ωk < 0, yielding the
factor −ωl/2πT in the conductivity correction. The di-
agrams d′++ and d
′
−− obtained from d++ and d−− by a
flip (or, equivalently, by reversing all arrows) double the
result. Combining the four contributions and changing
sign of the summation variable, ωl → −ωl in d−− and
d′−− terms, we have
δσdαβ(iΩk) = −
8πσ0
τ
T 2
Ωk
∫
d2q
(2π)2
×
[ ∑
ωl>Ωk
ωl − Ωk
2πT
U(iωl,q)B
d
αβ(−iωl, iΩk,q)
+
∑
ωl>0
ωl
2πT
U(iωl,q)B
d
αβ(iωl, iΩk,q)
]
, (2.13)
5βDW WDW  WD
Γ Γα
FIG. 3: Diagram d drawn in a different way in order to visu-
alize the structure of Eq. (2.11). The dashed frame encloses
the electronic part Bdαβ .
where U(iω,q) is the interaction potential equal to a con-
stant V0 for point-like interaction and to
U(iωl,q) =
1
2ν
κ
q + κ[1− |ωl|〈D(q, iωl)〉] (2.14)
for screened Coulomb interaction. In (2.13) we used
the fact that U(q,−iωl) = U(q, iωl) and D(q,−iωl) =
D(q, iωl). Equation (2.14) is a statement of the random-
phase approximation (RPA), with the polarization oper-
ator given by
Π(iωl,q) = 2ν[1− |ωl|〈D(iωl,q)〉]. (2.15)
The first term (unity) in square brackets in (2.15) comes
from the ++ and −− contributions to the polarization
bubble, while the second term is generated by the +−
contribution (ballistic diffuson).
The diagrams e are evaluated in a similar way. In all
four diagrams of this type one of the electron triangles
is the same as in diagrams d while another one has an
opposite sign. The structures arising after integrating out
fast momenta in electron bubbles coincide with those of
d-type (Bdαβ). Summation over the fermionic frequency
ǫm is constrained by the condition ωl > ǫm > Ωk for all
the e-type diagrams. The correction due to the diagrams
e therefore reads
δσeαβ(iΩk) =
8πσ0
τ
T 2
Ωk
∫
d2q
(2π)2
∑
ωl>Ωk
ωl − Ωk
2πT
U(iωl,q)
× [Bdαβ(−iωl, iΩk,q) +Bdαβ(iωl, iΩk,q)] . (2.16)
We see that the first term in square brackets in (2.16)
cancels the first term in (2.13). Thus, the sum of the
contributions of diagrams d and e takes the form
δσd+eαβ (iΩk) = −
4σ0
τ
T
Ωk
[
Ωk∑
ωl=0
ωlΦ
d
αβ(iωl, iΩk)
+
∑
ωl>Ωk
ΩkΦ
d
αβ(iωl, iΩk)
]
, (2.17)
where we introduced a notation
Φµαβ(iωl, iΩk) =
∫
d2q
(2π)2
U(iωl,q)B
µ
αβ(iωl, iΩk,q),
(2.18)
with the index µ labeling the diagram.
Similarly, we obtain for the diagram h
δσhαβ(iΩk) = −
4σ0
τ
T
Ωk
[
Ωk∑
ωl=0
ωlΦ
h
αβ(iωl, iΩk)
+
∑
ωl>Ωk
ΩkΦ
h
αβ(iωl, iΩk)
]
, (2.19)
with
Bhαβ(iωl, iΩk,q) = −2Tαγ〈nγD(iωl+iΩk,q)nβD(iωl,q)〉.
(2.20)
The tensor Tαγ appearing in (2.20) describes the renor-
malization of a current vertex connecting two electronic
lines with opposite signs of frequencies,
Tαβ = 2 〈nαDnβ〉|q=0,ω→0 =
σαβ
e2v2F ν
=
τ
1 + ω2cτ
2
(
1 −ωcτ
ωcτ 1
)
. (2.21)
We turn now to diagrams f and g. The expressions for
the corresponding contributions read
δσfαβ(iΩk) = −
4σ0
τ
T
Ωk

∑
ωl≥0
ΩkΦ
f
αβ(iωl, iΩk)
+
∑
−Ωk<ωl<0
(Ωk + ωl)Φ
f
αβ(−iωl, iΩk)
]
, (2.22)
δσgαβ(iΩk) =
4σ0
τ
T
Ωk
[
Ωk∑
ωl=0
(Ωk − ωl)Φfαβ(iωl, iΩk)
+
∑
−Ωk<ωl<0
(Ωk + ωl)Φ
f
αβ(−iωl, iΩk)
]
, (2.23)
with
Bfαβ(iωl, iΩk,q) = Tαγ〈nγD(iωl+ iΩk,q)nδ〉Tδβ. (2.24)
The sum of the contributions f and g is therefore given
by
δσf+gαβ (iΩk) = −
4σ0
τ
T
Ωk
[
Ωk∑
ωl=0
ωlΦ
f
αβ(iωl, iΩk)
+
∑
ωl>Ωk
ΩkΦ
f
αβ(iωl, iΩk)
]
. (2.25)
We see that when the diagrams f and g are combined,
the same Matsubara structure as for other diagrams
6[Eqs. (2.17), (2.19)] arises. In other words, the role of
the diagrams g is to cancel the extra contribution of di-
agrams f, which has a different Matsubara structure.
A word of caution is in order here. In our calculation
we have set the value of velocity coming from current
vertices to be equal vF , thus neglecting a particle-hole
asymmetry. If one goes beyond this approximation and
takes into account the momentum-dependence of velocity
(violating the particle-hole symmetry), the above cancel-
lation ceases to be exact and an additional term with a
different Matsubara structure arises in δσf+gαβ . After the
analytical continuation is performed, the corresponding
correction to the conductivity has a form
δσinelαβ = −
2σ0
τ
∫ ∞
−∞
dω
2π
ω
2T sinh2(ω/2T )
×
∫
d2q
(2π)2
δBfαβ(ω, q) ImU(ω, q), (2.26)
characteristic for effects governed by inelastic scattering.
This contribution is determined by real inelastic scatter-
ing processes with an energy transfer ω . T and behaves
(in zero magnetic field) as e2(Tτ)2. This implies that the
corresponding resistivity correction, δρ ∼ (T/eEF )2 is in-
dependent of disorder. However, such a correction should
not exist because of total momentum conservation. In-
deed, an explicit calculation (see Appendix A) shows that
this term is canceled by the Aslamazov-Larkin-type dia-
grams analogous to those describing the Coulomb drag.
Finally, we consider the diagrams a,b, and c. Already
taken separately, each of them has the expected Mat-
subara structure (contrary to the diagrams d,e and f,g,
which should be combined to get this structure). How-
ever, another peculiarity should be taken into account.
The diagrams a,b, and c form together the Hikami box,
so that their sum is smaller by a factor ∼ τs/τ than sepa-
rate terms. Therefore, some care is required: subleading
terms of order τs/τ should be retained when contribu-
tions of individual diagrams are calculated. The result
reads
δσa+b+cαβ (iΩk) = −
4σ0
τ
T
Ωk
[
Ωk∑
ωl=0
ωlΦ
a+b+c
αβ (iωl, iΩk)
+
∑
ωl>Ωk
ΩkΦ
a+b+c
αβ (iωl, iΩk)
]
. (2.27)
Here the contributions of individual diagrams a, b, and
c have the form
Baαβ(iωl, iΩk,q)
=
1
2
Tαγ
[
1
τs
δγδ + (T˜
−1)γδ
]
Tδβ〈D(iωl,q)D(iωl,q)〉
+
1
2
TαγTγβ〈D(iωl,q)〉, (2.28)
where the matrix T˜αβ has the same form as Tαβ with a
replacement τ → τs,
Bbαβ(iωl, iΩk,q) = −
1
2τs
TαγTγβ〈D(iωl,q)D(q, iωl)〉,
(2.29)
and
Bcαβ(iωl, iΩk,q) =
−1
2
(
1
τs
− 1
τ
)
TαγTγβ〈D(iωl,q)D(iωl,q)〉.
(2.30)
We see that although each of the expressions (2.28),
(2.29), and (2.30) depends on τs, the single-particle time
disappears from the total contribution of the Hikami-box,
Ba+b+cαβ (iωl, iΩk,q) =
1
2
Tαβ〈D(iωl,q)D(iωl,q)〉
+
1
2
Tαγ〈D(iωl,q)〉Tγβ . (2.31)
The total correction to the conductivity tensor is
obtained by collecting the contributions (2.17), (2.19),
(2.25), and (2.27). Carrying out the analytical continua-
tion to real frequencies, we get
δσαβ(Ω) =
σ0
iπτΩ
∫ ∞
−∞
dω ω coth
ω
2T
× [Φαβ(ω +Ω,Ω)− Φαβ(ω,Ω)], (2.32)
where
Φαβ(ω,Ω) = Φ
a+b+c
αβ (ω,Ω) + Φ
d
αβ(ω,Ω)
+ Φfαβ(ω,Ω) + Φ
h
αβ(ω,Ω). (2.33)
We are interested in the case of zero external frequency,
Ω→ 0, when Eq. (2.32) can be rewritten as
δσαβ = − σ0
iπτ
∫ ∞
−∞
dω
× Φαβ(ω, 0) ∂
∂ω
[
ω coth
ω
2T
]
. (2.34)
Recalling the definition (2.18) of Φµ, we finally arrive at
the following result
δσαβ = −2e2v2F ν
∫ ∞
−∞
dω
2π
∂
∂ω
[
ω coth
ω
2T
]
×
∫
d2q
(2π)2
Im [ U(ω,q) Bαβ(ω,q) ] ,
(2.35)
where the tensor Bαβ(ω,q) is given by
Bαβ(ω,q) =
Tαβ
2
〈DD〉+ Tαγ
(
δγδ
2
〈D〉 − 〈nγDnδ〉
)
Tδβ
− 2Tαγ〈nγDnβD〉 − 〈DnαDnβD〉. (2.36)
7The first term in (2.36) originates from the diagrams
a,b,c, the second term from a,f,g, the third term from
h, and the last one – from d and e. We remind the reader
that this result has been obtained under the assumption
τs ≪ τ, T−1; generalization to arbitrary τs/τ and τsT
will be considered in Sec. II B. It will be shown there
that the conductivity correction retains the form (2.35)
in the general case but the expression (2.36) forBαβ(ω,q)
is slightly modified.
B. General case
In the previous subsection we have derived the formula
for the correction to the conductivity tensor for the case
of a smooth disorder (with τs ≪ τ) assuming τs ≪ T−1.
Since characteristic momenta q and frequencies ω are set
by the temperature, this assumption implies qls ≪ 1 and
ωτs ≪ 1. This allowed us to simplify the calculation by
neglecting the q and ω dependence of Green’s functions
connecting ballistic diffusons and by considering only the
ladders with many impurity lines. Furthermore, we have
used the small-angle nature of scattering when calculat-
ing the Hikami box contribution (2.31). We are now go-
ing to discuss the general case of arbitrary τs/τ and Tτs.
It turns out that the expressions (2.17), (2.19), and
(2.25) for the contribution of the diagrams d− h derived
in the case of a smooth disorder remain valid in the gen-
eral situation. The simplest way to show this is to use
the following technical trick (cf. Refs. 38,39). One can
add to the system an auxiliary weak smooth random po-
tential with a long transport scattering time τ˜ ≫ τ but
short single-particle τ˜s ≪ τs, such that T τ˜s ≪ 1. This
potential will not affect the quasiclassical dynamics and
thus should not change the result. On the other hand, it
allows us (in view of the condition T τ˜s ≪ 1) to perform
the gradient and frequency expansion in Green’s func-
tions as was done in Sec. II A. Adding such an auxiliary
disorder amounts to a re-distribution between quantum
and quasiclassical degrees of freedom: all the information
about the real disorder is now contained in the ballistic
propagators. It can be verified by a direct calculation
(without using the additional disorder) that the above
procedure yields the correct result.
It remains to consider the Hikami-box contribution
(2.27). When calculating it in Sec. II A, we used the
small-angle nature of scattering implying that a sin-
gle scattering line inserted between two ballistic prop-
agators approximately preserves the direction of veloc-
ity, 〈DWD〉 → (2πν)−1〈DD〉/τs and 〈DnαWnβD〉 →
(2πν)−1〈DD〉(1/τs − 1/τ)δαβ . In the more general situ-
ation, when the scattering is at least partly of the large–
angle character, this is no longer valid and Eq. (2.31)
acquires a slightly more complicated form,
Ba+b+cαβ (q, iωl, iΩk) =
πνTαγ [〈DSγδD〉 − 2〈DnγWnδD〉]Tδβ
+
1
2
Tαγ〈D〉Tγβ , (2.37)
where Sxx = Syy = W (n,n′), Sxy = −Syx = ωc/2πν.
Summarizing the consideration in this subsection, in
the general situation the interaction correction retains
the form (2.35) with the tensor Bαβ(ω,q) given by
Bαβ(ω,q) = Tαγπν[〈DSγδD〉 − 2〈DnγWnδD〉]Tδβ
+Tαγ
(
δγδ
2
〈D〉 − 〈nγDnδ〉
)
Tδβ
−2Tαγ〈nγDnβD〉 − 〈DnαDnβD〉. (2.38)
The correction δραβ to the resistivity tensor is then im-
mediately obtained by using δρˆ = −ρˆ δσˆ ρˆ. This yields
δραβ =
2
e2v2F ν
∫ ∞
−∞
dω
2π
∂
∂ω
[
ω coth
ω
2T
]
×
∫
d2q
(2π)2
Im
[
U(ω,q) B
(ρ)
αβ (ω,q)
]
,
(2.39)
where the tensor B
(ρ)
αβ is related to Bαβ , Eq. (2.38), via
B
(ρ)
αβ = (T
−1)αγBγδ(T
−1)δβ . (2.40)
Explicitly, corrections to the components of the resis-
tivity tensor are expressed through δσxx = δσyy and
δσxy = −δσyx as follows
δρxx = ρ
2
0[(ω
2
cτ
2 − 1)δσxx + 2ωcτδσxy ], (2.41)
δρxy = ρ
2
0[(ω
2
cτ
2 − 1)δσxy − 2ωcτδσxx]. (2.42)
Note that the results (2.36), (2.38) for Bαβ(ω,q) sat-
isfy the requirement
Bαβ(ω, 0) = 0, (2.43)
as follows from
〈nαDnβ〉|q=0 = σαβ(ω)/2e2νv2F
and (2π)−1
∫
dφ D(φ, φ′)∣∣
q=0
= i/ω. The condition (2.43)
implies that spatially homogeneous fluctuations in the
potential do not change the conductivity, see Refs. 18,42
for discussion.
C. Limiting cases
Having obtained the general formula, we will now
demonstrate that it reproduces, in the appropriate lim-
its, the previously known results for the interaction cor-
rection. Specifically, in Sec. II C 1 we will consider the
diffusive limit Tτ ≪ 1 studied in Refs. 1,10,11, while
Sec. II C 2 is devoted to the B → 0 case with a white-noise
disorder addressed in Refs. 18,19. In Sec. II C 3 we will
analyze how the linear-in-T asymptotics of δσ(B = 0)
in the ballistic regime obtained in Ref. 18 for a white-
noise disorder depends on the character of the random
potential.
81. Diffusive limit
We begin by considering the diffusive limit Tτ ≪ 1 in
which we reproduce (for arbitrary B and disorder range)
the logarithmic correction (1.2), (1.3) determined by the
diagrams a-e. Let us briefly outline the corresponding
calculation. The propagator for ql, ωτ ≪ 1 can be de-
composed as D = Ds +Dreg, where Ds is singular, while
Dreg is finite (regular) at q, ω → 0, see e.g. Refs. 40,41.
The singular contribution is governed by the diffusion
mode and has the form [see Eq. (D.5)]
Ds(ω,q;φ, φ′) ≃ ΨR(φ,q)ΨL(φ
′,q)
Dq2 − iω , (2.44)
Ψν(φ,q) = 1− ic(1)ν cos(φ− φq)− ic(2)ν sin(φ− φq),
where D = v2F τ/2(1 + ω
2
cτ
2) is the diffusion constant in
the presence of a magnetic field and
c
(1)
R (q) = c
(1)
L (q) =
qvF τ
1 + ω2cτ
2
, (2.45)
c
(2)
R (q) = −c(2)L (q) =
qvFωcτ
2
1 + ω2cτ
2
. (2.46)
The leading-order contribution of the diagrams a, b
and c (that containing two singular diffusons Ds) is ex-
actly canceled by the part of the diagrams d and e
with the structure 〈DsnαDregnβDs〉, i.e. with one reg-
ular part of the propagator inserted between two singu-
lar diffusons, 〈Ds〉 = (Dq2 − iω)−1. Indeed, in view of
〈nαDregnβ〉 = 12Tαβ, the latter contribution reduces to
− 12 〈Ds〉2Tαβ , while the diagrams a, b and c yield
1
2
〈Ds〉2Tαγ
[
δγδ
τ
+ ωcǫγδ
]
Tδβ
=
1
2
〈Ds〉2Tαβ , (2.47)
where ǫαβ is the antisymmetric tensor, ǫxx = ǫyy =
0, ǫxy = −ǫyx = 1.
It remains thus to calculate only the contribution of
the diagrams d+ e with three singular diffusons,
δσαβ =
e2v2F
2π
∫ ∞
−∞
dω
∂
∂ω
[
ω coth
ω
2T
]
×
∫
d2q
(2π)2
Im
〈DsnαDsnβDs〉
1 + iω〈Ds〉
≃ 2e
2v2F
π(1 + ω2cτ
2)2
∫ 1/τ
T
dω
×
∫
d2q
(2π)2
Im
(−iqαl)(−iqβl)
Dq2(Dq2 − iω)2
=
e2
2π2
ln(Tτ)δαβ , (2.48)
in agreement with1,10,11. The result for a point-like in-
teraction differs only by a factor νV0.
2. B → 0, white-noise disorder
We allow now for arbitrary Tτ but consider the limit
of zero magnetic field assuming a white-noise disorder
(τ = τs and W (n,n
′) = 1/2πντ), which is the limit
studied in Refs. 18,19. The contribution (2.37) of the
diagrams a,b,c takes for the white-noise disorder the form
Ba+b+cαβ =
1
2
Tαγ
[
〈D〉〈D〉δγδ
τ
+ ωc〈DD〉ǫγδ
− 2
τ
〈Dnγ〉〈nδD〉+ δγδ〈D〉
]
Tδβ . (2.49)
Using now the explicit form of the ballistic propagator for
the case of white-noise disorder and B → 0 [Eqs. (B.4),
(B.6), (B.10), (B.11), and (B.36)] we recover the results
for δσxx and δρxy obtained in a different way in Refs. 18
and 19, see Appendix B.
3. B = 0, ballistic limit Tτ ≫ 1
In the ballistic limit Tτ ≫ 1 and for white-noise dis-
order the result of Ref. 18 (recovered in Sec. II C 2 and
Appendix B) yields a linear-in-T conductivity correction,
δσ = (2νV0e
2/π)Tτ for the point-like interaction and
δσ = (e2/π)Tτ for the Coulomb interaction. The ques-
tion we address in this subsection is how this behavior
depends on the nature of disorder [i.e. on the scattering
cross-section W (φ)].
In order to get the Tτ ballistic asymptotics, it is suf-
ficient to keep contributions to (2.38) with a minimal
number of scattering processes. Specifically, the propa-
gator D in the first and the third terms of (2.38) can be
replaced by the free propagator,
Df(ω,q;φ, φ′) = 2πδ(φ− φ
′)
−i(ω + i0) + iqvF cos(φ− φq) , (2.50)
while in the second term it should be expanded up to the
linear term in the scattering cross-sectionW [the second
term produces then the same contribution as the first
term in (2.38)]. The last (fourth) term in (2.38) does not
contribute to the Tτ asymptotics. We get therefore
Bxx ≃ 2πντ2(〈DfWDf〉 − 2〈DfnxWnxDf〉)
− 2τ〈nxDfnxDf〉. (2.51)
Let us consider first the case of a short-range interaction,
U0(r) = V0. The structure of Eqs. (2.35), (2.51) implies
that the interaction correction is governed by returns of a
particle to the original point in a time t . T−1 ≪ τ after
a single scattering event. It follows that the coefficient
in front of the linear-in-T term is proportional to the
backscattering probability W (π) = w˜(2kF ),
δσxx =
2νV0e
2
π
2πνW (π)Tτ2. (2.52)
9As shown in Appendix C, this result remains valid in
the case of Coulomb interaction, with the factor 2νV0 re-
placed by unity. This shows that in the ballistic limit
the Coulomb interaction is effectively reduced to the
statically screened form, U(r) = 1/2ν when the lead-
ing contribution to δσxx is calculated. According to
(2.52), in a smooth disorder with a correlation length
d ≫ k−1F the Tτ contribution is suppressed by an expo-
nentially small factor 2πντw˜(2kF ) ∼ e−kF d. In fact, for
a smooth disorder the linear term represents the lead-
ing contribution for Tτs ≫ 1 only. In the intermedi-
ate range τ−1 ≪ T ≪ τ−1s the dominant return pro-
cesses are due to many small-angle scattering events.
However, the corresponding return probability is also
exponentially suppressed ∼ exp(−const τ/t) for rele-
vant (ballistic) times t ≪ τ , yielding a contribution
δσxx ∼ exp[−const(Tτ)1/2]. Thus, the interaction cor-
rection in the ballistic regime is exponentially small at
B = 0 for the case of smooth disorder. Moreover, the
same argument applies to the case of a non-zero B, as
long as43 ωc ≪ T .
In any realistic system there will be a finite concen-
tration of residual impurities located close to the elec-
tron gas plane and inducing large-angle scattering pro-
cesses. In other words, a realistic random potential can
be thought as a superposition of a smooth disorder with
a transport time τsm and a white-noise disorder charac-
terized by a time τwn. Neglecting the exponentially small
contribution of the smooth disorder to the linear term,
we then find that the ballistic asymptotics (2.52) of the
interaction correction takes the form
δσ =
e2
π
τ
τwn
Tτ ×
{
2νV0, point− like,
1, Coulomb,
(2.53)
where τ−1 = τ−1sm + τ
−1
wn is the total transport scattering
rate. If the transport is dominated by the smooth dis-
order, τwn ≫ τsm, the coefficient of the Tτ term is thus
strongly reduced as compared to the white-noise result
of Ref. 18.
Finally, it is worth mentioning that in addition to the
Tτ term corresponding to the lower limit ω ∼ T of
the frequency integral in (2.35), there is a much larger
but T -independent contribution δσ ∝ EF τ governed by
the upper limit ω ∼ EF . This contribution is just an
interaction-induced Fermi-liquid-type renormalization of
the bare (noninteracting) Drude conductivity.
III. STRONG B, SMOOTH DISORDER
A. Quasiclassical dynamics
We have shown in Sec. II C that due to small-angle
nature of scattering in a smooth disorder the interaction
correction is suppressed in the ballistic regime Tτ ≫ 1
in zero (or weak) magnetic field. The situation changes
qualitatively in a strong magnetic field, ωcτ ≫ 1 and
ωc ≫ T . The particle experiences then within the time
t ∼ T−1 multiple cyclotron returns to the region close
to the starting point. The corresponding ballistic propa-
gator satisfies the equation (2.8) with the collision term
(2.9).
The solution of this equation in the limit of a strong
magnetic field, ωcτ ≫ 1, is presented in Appendix D. For
calculation of the leading order contribution to δσxx and
δρxx, the following approximate form is sufficient:
D(ω,q;φ, φ′) = exp[−iqRc(sinφ− sinφ′)]
×

χ(φ)χ(φ′)
Dq2 − iω +
∑
n6=0
ein(φ−φ
′)
Dq2 − i(ω − nωc) + n2/τ

 ,
≡ Ds(ω,q;φ, φ′) +Dreg(ω,q;φ, φ′), (3.1)
where χ(φ) = 1−iqRc cosφ/ωcτ andD ≃ R2c/2τ , and the
polar angles of velocities are counted from the angle of q.
Equation (3.1) is valid under the assumption (qRc)
2 ≪
ωcτ . We will see below that the characteristic momenta
q are determined by the condition Dq2 ∼ ω ∼ T , so
that the above assumption is justified in view of ωc ≫ T .
Furthermore, this condition allows us to keep only the
first (singular) term Ds in square brackets in (3.1) when
calculating 〈D〉,
〈D〉 = J
2
0 (qRc)
Dq2 − iω , (3.2)
where J0(z) is the Bessel function. Moreover, the formula
(2.36) for Bxx can be cast in a form linear in D by using
〈DD〉 = −i ∂
∂ω
〈D〉, (3.3)
〈nαDnβD〉 = i
vF
∂
∂qβ
〈nαD〉, (3.4)
〈DnxDnxD〉 = − 1
2v2F
∂2
∂q2x
〈D〉. (3.5)
Therefore, it is again sufficient to take into account only
the first term in (3.1) for calculation of Bxx if the identi-
ties (3.3), (3.4), and (3.5) are used. (Of course, Bxx can
also be evaluated directly from Eq. (2.36), but then the
second (regular) term Dreg in (3.1) has to be included.)
Combining all four terms in (2.36), we get
Bxx(ω, q) =
J20 (qRc)
(ωcτ)2
Dτq2
(Dq2 − iω)3
=
4τ3
β2
J20 (Q)Q
2
(Q2 − iΩ)3 . (3.6)
In the second line we introduced dimensionless variables
Q = qRc, Ω = 2ωτ, β = ωcτ .
Note that Eqs. (3.2), (3.6) differ from those obtained
in the diffusive regime by the factor J20 (qRc) only. This is
related to the fact that the motion of the guiding center is
diffusive even on the ballistic time scale t≪ τ (provided
10
t≫ ω−1c ), while the additional factor corresponds to the
averaging over the cyclotron orbit (see Sec. IV below).
We turn now to the calculation of Bxy. Substituting
(3.1) in (2.36), we classify the obtained contributions ac-
cording to powers of the small parameter 1/β. The lead-
ing contributions are generated by the first and the last
terms in (2.36) and are of order 1/β, i.e. larger by factor
β as compared to Bxx, Eq. (3.6). (This extra factor of
β is simply related to |σxy|/σxx = β.) However, these
leading contributions cancel,[
Txy
2
〈DD〉 − 〈DnxDnyD〉
]∣∣∣∣
order 1/β
=
τ
2β
〈DsDs〉 − 〈DsnxDregnyDs〉 (3.7)
= −2τ
3
β
J20 (Q)
(Q2 − iΩ)2 +
2τ3
β
J20 (Q)
(Q2 − iΩ)2 = 0,
as in the diffusive limit, see the text above Eq. (2.47).
To evaluate terms of higher order in 1/β, we need a
more accurate form of the propagator (3.1). Since the
contributions of order 1/β2 to Bxy turn out to cancel
as well, we have to know the propagator with the accu-
racy allowing to evaluate the terms of order 1/β3. To
simplify the calculation, we use again the identities (3.3)
and (3.4). As to Eq. (3.5), it cannot be generalized onto
xy-component of the tensor, and we use instead
〈DnxDnyD〉 = i
vF
〈
∂D
∂qx
nyD
〉
. (3.8)
It is then sufficient to calculate the propagator D up
to the 1/β2 order. This is done in Appendix D, see
Eqs. (D.14)-(D.17). Substituting this result for D in
Eq. (3.6) and combining all terms, we get after some
algebra
Bxy(ω, q) = − τ
3
β3
[
7Q2J20 (Q) + 4QJ0(Q)J1(Q)
(Q2 − iΩ)2
+
4QJ0(Q)J1(Q))
Q2 − iΩ
]
. (3.9)
We see that similarly to (3.6) the kernel Bxy(ω, q) has
a diffusive-type structure with Q2 − iΩ in denominator
reflecting the diffusion of the guiding center, while the
Bessel functions describe the averaging over the cyclotron
orbit. Clearly, both kernels (3.6) and (3.9) vanish at
q = 0, as required by (2.43).
B. Point-like interaction
To find the interaction correction to the conductivity,
we have to substitute Eqs. (3.6) and (3.9) in the formula
(2.35). We consider first the simplest situation, when
the interaction U(ω, q) in (2.35) is of point-like character,
U(ω, q) = V0. Using v
2
F qdq = ω
2
cQdQ, we see that all the
B-dependence drops out from δσxx, and the exchange
contribution reads
δσxx = −8e2νV0
∫ ∞
0
dΩ
2π
∂
∂Ω
[
Ω coth
Ω
4Tτ
]
×
∫ ∞
0
QdQ
2π
Im
J20 (Q)Q
2
(Q2 − iΩ)3 . (3.10)
To simplify the result (3.10), it is convenient to perform
a Fourier transformation with respect to Ω (which corre-
sponds to switching to the time representation)
Im
∫ ∞
0
dω
2π
F (ω)
∂
∂ω
[
ω coth
ω
2T
]
=
∫ ∞
0
dt
πT 2t
sinh2(πT t)
F˜ (t). (3.11)
The integral over Q is then easily evaluated, yielding
δσxx = − e
2
2π2
νV0G0(Tτ), (3.12)
G0(x) = π
2x2
∫ ∞
0
du exp(−1/u)
sinh2(πxu)
(3.13)
× [(u− 1)I0(1/u) + I1(1/u)] ,
where I0(z) and I1(z) are modified Bessel functions. The
Hartree term in this case is of the opposite sign and twice
larger due to the spin summation (we neglect here the
Zeeman splitting and will return to it later).
It follows from Eqs. (3.6) and (3.9) that the correction
to the Hall conductivity is smaller by the factor (ωcτ)
−1
as compared to (3.12). This implies, according to (2.41)
that in a strong magnetic field the correction to the lon-
gitudinal resistivity is governed by δσxx,
δρxx
ρ0
= (ωcτ)
2 δσxx
σ0
, (3.14)
similarly to the diffusive limit (1.3). In fact, it turns out
that the relation (3.14) holds in a strong magnetic field,
ωc ≫ T, for arbitrary disorder and interaction, see below.
On the other hand, as is seen from (2.42), contributions
of both δσxx and δσxy to δρxy are of the same order in
(ωcτ)
−1. We will return to the calculation of δρxy in
Sec. III G.
The MR ρxx(B) is thus quadratic in B, with the tem-
perature dependence determined by the functionG0(Tτ),
which is shown in Fig. 4a. In the diffusive (x ≪ 1) and
ballistic (x ≫ 1) limits the function G0(x) has the fol-
lowing asymptotics
G0(x) ≃
{ − lnx+ const, x≪ 1,
c0x
−1/2, x≫ 1, (3.15)
with
c0 =
3ζ(3/2)
16
√
π
≃ 0.276 (3.16)
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FIG. 4: Functions G0(Tτ ) (a) and GF(Tτ ) (b) determin-
ing the T -dependence of the exchange term for point-like,
Eq. (3.12), and Coulomb, Eq. (3.19), interaction, respectively.
Diffusive and ballistic asymptotics, Eq. (3.15) and Eq. (3.21),
are also shown.
(here ζ(z) is the Riemann zeta-function). Let us note
that the crossover between the two limits takes place at
numerically small values Tτ ∼ 0.1 (a similar observation
was made in Refs. 18,19). This can be traced back to the
fact that the natural dimensionless variable in (3.12) is
2πTτ .
C. Coulomb interaction, exchange
For the case of the Coulomb interaction the result
turns out to be qualitatively similar. Substituting (3.2)
in (2.14) and neglecting the first term q ∼ (T/D)1/2 ≪ κ
in the denominator of (2.14), we obtain the effective in-
teraction
U(ω,q) =
1
2ν
Q2 − iΩ
Q2 − iΩ[1− J20 (Q)]
. (3.17)
Inserting (3.17) and (3.6) into (2.35), we get the exchange
(Fock) contribution
δσFxx = −
e2
π2
∫ ∞
0
dΩ
∂
∂Ω
[
Ω coth
Ω
4Tτ
]
× Im
∫ ∞
0
QdQ
Q2J20 (Q)
(Q2 − iΩ[1− J20 (Q)])(Q2 − iΩ)2
.
(3.18)
Using (3.14) we find the MR
δρFxx(B)
ρ0
= − (ωcτ)
2
πkF l
GF(Tτ), (3.19)
GF(x) = 32π
2x2
∫ ∞
0
dQQ3J20 (Q) (3.20)
×
∞∑
n=1
n(12πxn[1− J20 (Q)] + [3− J20 (Q)]Q2)
(4πxn+Q2)3(4πxn[1− J20 (Q)] +Q2)2
.
Note that in contrast to the case of a point-like inter-
action, a transformation to the time representation does
not allow us to simplify (3.18), since the resulting Q-
integral can not be evaluated analytically. We have cho-
sen therefore to perform the Ω-integration, which results
in an infinite sum (3.20). This amounts to returning to
the Matsubara (imaginary frequency) representation and
is convenient for the purpose of numerical evaluation of
GF(x). In the diffusive (x ≪ 1) and ballistic (x ≫ 1)
limits this function has the asymptotics
GF(x) ≃
{ − lnx+ const, x≪ 1,
c0
2
x−1/2, x≫ 1, (3.21)
and is shown in Fig. 4b.
D. Coulomb interaction, Hartree contribution
We turn now to the Hartree contribution. The corre-
sponding diagrams can be generated in a way similar to
exchange diagrams (Sec. II A) but in this case one should
start from two electron bubbles connected by an interac-
tion line. There are again two distinct ways to generate a
skeleton diagram: two current vertices can be inserted ei-
ther both in the same bubble or in two different bubbles.
Then one puts signs of Matsubara frequencies in all pos-
sible ways and insert ballistic diffusons correspondingly.
The obtained set of diagrams is shown in Fig. 5 There
is one-to-one correspondence between these Hartree di-
agrams and the exchange diagrams of Fig. 1, which is
reflected in the labeling of diagrams.
As seen from comparison of Figs. 1 and 5, the elec-
tronic part Bµαβ(φ, φ′) of each Hartree diagram is identi-
cal to that of its exchange counterpart. The only differ-
ence is in the arguments of the interaction propagator,
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FIG. 5: Hartree diagrams for the interaction correction to
σαβ. The diagrams are labeled in the way as their exchange
counterparts in Fig. 1. The diagrams obtained by a flip
and/or by an exchange +↔ − should also be included.
U(ω,q) → U(0, 2kF sin φ−φ
′
2 ), where φ and φ
′ are polar
angles of the initial and final velocities [cf. Eqs. (2.11),
(2.12)]. Therefore, in the first order in the interaction,
the Hartree correction to conductivity has a form very
similar to the exchange correction (2.35),
δσHαβ = 4e
2v2F ν
∫ ∞
−∞
dω
2π
∂
∂ω
[
ω coth
ω
2T
]
×
∫
d2q
(2π)2
∫
dφ
2π
dφ′
2π
(3.22)
× Im [ UH(φ, φ′)Bαβ(ω,q;φ, φ′) ] ,
where
UH(φ, φ
′) = U
(
0, 2kF sin
φ− φ′
2
)
(3.23)
is the Hartree interaction and Bαβ(ω,q;φ, φ′) is given by
Eqs. (2.36), (2.38) without angular brackets (denoting
integration over φ and φ′), see Eq. (2.12). Clearly, for a
point-like interaction U(ω,q) = V0 this yields
δσHαβ = −2δσFαβ , (3.24)
as has already been mentioned in Sec. III B.
In the case of the Coulomb interaction the situation
is, however, more delicate44. To analyze this case, it is
convenient to split the interaction into the singlet and
triplet parts1,18,44. For the weak interaction, κ ≪ kF ,
the conductivity correction in the triplet channel is then
given by Eq. (3.22) with an extra factor 34 .
As to the singlet part, it is renormalized by mixing with
the exchange term. The effective interaction Us in the
singlet channel is therefore determined by the equation
U s(φ, φ′) = U0 − 1
2
UH(φ, φ
′)−
∫
dφ1
2π
dφ2
2π
× [U0 − 1
2
UH(φ, φ1)] P(φ1, φ2)U s(φ2, φ′),
(3.25)
where U0 = 2πe
2/q is the bare Coulomb interaction, and
P(ω,q;φ1, φ2) = 2ν[2πδ(φ1 − φ2) + iωD(ω,q;φ1, φ2)]
(3.26)
describes the electronic bubble. Solving (3.25) to the first
order in UH, we get
U s(ω,q;φ, φ′) = U(ω,q)− U sH(ω,q;φ, φ′), (3.27)
where U(ω,q) is the RPA-screened Coulomb interaction
(2.14) which has already been considered in Sec. III C,
while the second term describes the renormalized Hartree
interaction in the singlet channel,
U sH(φ, φ
′) =
1
2
UH(φ, φ
′)− 1
2Π
∫
dφ1
2π
dφ2
2π
× [UH(φ, φ1)P(φ1, φ2) + P(φ1, φ2)UH(φ2, φ′)]
+
1
2Π2
∫
dφ1
2π
dφ2
2π
dφ3
2π
dφ4
2π
× P(φ1, φ2)UH(φ2, φ3)P(φ3, φ4). (3.28)
Here Π = 〈P〉 is the polarization operator (2.15), and
we have used the singular nature of the bare Coulomb
interaction implying |Π|U0 ≫ 1 for all relevant momenta.
Taking into account that the angular dependence of
leading contributions to Bxx(ω,q;φ, φ′) andD(ω,q;φ, φ′)
is of the form exp[−iQ(sinφ − sinφ′)], we find that the
singlet Hartree correction to σxx is given by Eq. (3.22)
with a replacement
UH(φ, φ
′)→ 〈UH(φ, φ
′)〉 − UH(φ, φ′)
4 [1 + iω〈D(ω, q)〉]2 . (3.29)
Note that in the diffusive limit Bαβ is independent of
φ, φ′, so that only the zero angular harmonic of the inter-
action contributes. On the other hand, the zero angular
harmonic is suppressed in the effective singlet-channel
interaction (3.29). Therefore, the singlet channel does
not contribute to the Hartree correction in the diffu-
sive limit, in agreement with Refs. 1,44. The situation
changes, however, in the ballistic regime, when Bαβ be-
comes angle-dependent.
After the angular integration, the triplet Hartree con-
ductivity correction takes the form (3.10) with the re-
placement V0 → 1/2ν, and
J20 (Q)→ −3y
∫ pi
0
dφ
2π
J0(2Q sinφ)
y + 2 sinφ
, (3.30)
where y = κ/kF . For the singlet part we have a result
similar to (3.18) with a slightly different Q-integral,∫ ∞
0
QdQ
J (y,Q)Q2
(Q2 − iΩ[1− J20 (Q)])2(Q2 − iΩ)
,
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where
J (y,Q) = −y
∫ pi
0
dφ
2π
J0(2Q sinφ)− J20 (Q)
y + 2 sinφ
. (3.31)
This yields for the total Hartree contribution
δρHxx(B)
ρ0
=
(ωcτ)
2
πkF l
[GsH(Tτ, y) + 3G
t
H(Tτ, y)], (3.32)
whereGsH andG
t
H governing the temperature dependence
of the singlet and triplet contributions have the form
GsH(x, y) = 32π
2x2
∫ ∞
0
dQQ3J (y,Q)
×
∞∑
n=1
n(12πxn[1− J20 (Q)] + [3− 2J20 (Q)]Q2)
(4πxn+Q2)2(4πxn[1− J20 (Q)] +Q2)3
,
(3.33)
GtH(x, y) =
πx2y
4
∫ ∞
0
du
sinh2(πxu)
×
∫ pi
0
dφ
exp[−2 sin2 φ/u]
y + 2 sinφ
(
u− 2 sin2 φ) .
(3.34)
Figure 6a shows GH(x, y) = G
s
H(x, y) + 3G
t
H(x, y) as a
function of x ≡ Tτ for several values of y ≡ κ/kF . The
asymptotic behavior of δρHxx is as follows:
δρHxx(B)
ρ0
=
(ωcτ)
2
πkF l
×


y ln y [ 34 ln(Tτ) + ln y], T τ ≪ 1,
y ln2[ y (Tτ)1/2], 1≪ Tτ ≪ 1/y2,
πc0(Tτ)
−1/2, T τ ≫ 1/y2,
(3.35)
We see that at κ/kF ≪ 1 a new energy scale TH ∼
τ−1(kF /κ)
2 arises where the MR changes sign. Specif-
ically, at T ≪ TH the MR, δρxx = δρFxx + δρHxx, is
dominated by the exchange term and is therefore neg-
ative, while at T ≫ TH the interaction becomes ef-
fectively point-like and the Hartree term wins, δρHxx =
−2δρFxx, leading to a positive MR with the same (Tτ)−1/2
temperature-dependence, see Fig. 6a.
E. Hartree contribution for a strong interaction
In Sec. III D we have assumed that κ/kF ≪ 1, or, in
other words, the interaction parameter rs =
√
2e2/εvF
(where ε is the static dielectric constant of the mate-
rial) is small. This condition is, however, typically not
met in experiments on semiconductor structures. If κ/kF
is not small, the exchange contribution (3.19) remains
unchanged, while the Hartree term is subject to strong
Fermi-liquid renormalization1,18 and is determined by
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FIG. 6: Hartree contribution, GH(Tτ ), for (a) weak interac-
tion, κ/kF = 0.1, 0.2, 0.3, 0.5, and (b) strong interaction,
F0 = −0.3, −0.4, −0.5 (from bottom to top). Dashed curves
represent the exchange contribution.
angular harmonics F σ,ρm of the Fermi-liquid interaction
F σ,ρ(θ) in the triplet (σ) and singlet (ρ) channels.
The effective interaction Uσ,ρeff replacing UH(φ, φ
′) in
(3.22) is then given by an equation of the type (3.25)
but with F σ,ρ(φ − φ′)/ν substituted for UH(φ, φ′) (and
without U0 in the triplet channel),
Uρeff(φ, φ
′) = U0 +
F ρ(φ− φ′)
2ν
−
∫
dφ1
2π
dφ2
2π
×
[
U0 +
F ρ(φ− φ1)
2ν
]
P(φ1, φ2)Uρeff(φ2, φ′),
(3.36)
Uσeff(φ, φ
′) =
F σ(φ− φ′)
2ν
−
∫
dφ1
2π
dφ2
2π
× F
σ(φ− φ1)
2ν
P(φ1, φ2)Uσeff(φ2, φ′), (3.37)
A general solution of these equations requires inversion
of integral operators with the kernels I − F σP and I −
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(U0 + F
ρ)P and is of little use for practical purposes.
The situation simplifies, however, in both diffusive and
ballistic limits.
In the diffusive regime, T ≪ 1/τ , the second term in
the polarization bubble (3.26) and Bαβ are independent
of angles φ, φ′. As discussed in Sec. III D, this leads to
the suppression of the Hartree contribution in the singlet
channel, while in the triplet channel only the zero angular
harmonic survives,
Uσeff(ω,q) =
1
2ν
F σ0 (Dq
2 − iω)
(1 + F σ0 )Dq
2 − iω
(3.38)
We then reproduce the known result1,18 GH(Tτ) =
3GtH(Tτ) with
GtH(Tτ) =
[
1− ln(1 + F
σ
0 )
F σ0
]
lnTτ. (3.39)
In the ballistic limit, T ≫ 1/τ , the first term is
dominant in (3.26), since 〈D〉 is suppressed by a factor
J20 (Q) ≪ 1, according to (3.2). The angular harmon-
ics then simply decouple in Eqs. (3.36), (3.37), yield-
ing effective Hartree interaction constants Uρ0,eff = 0,
Uρm,eff = (2ν)
−1F ρm/(1 + F
ρ
m), m 6= 0, and Uσm,eff =
(2ν)−1F σm/(1+F
σ
m). Therefore, the Hartree contribution
reads
GH(Tτ) = −c0
2

∑
m 6=0
F ρm
1 + F ρm
+ 3
∑
m
F σm
1 + F σm

 1√
Tτ
.
(3.40)
From a practical point of view, it is rather inconvenient
to describe the interaction by an infinite set of unknown
parameters F σ,ρm . For this reason, one often assumes that
the interaction is isotropic and thus characterized by two
coupling constants F σ0 and F
ρ
0 only. Within this fre-
quently used (though parametrically uncontrolled) ap-
proximation, the singlet part of the Hartree term is com-
pletely suppressed. The Hartree contribution is then de-
termined solely by the triplet channel with the effective
interaction
Uσeff(ω,q) =
1
2ν
F σ0
1 + F σ0
Q2 − iΩ
Q2 − iΩ
[
1− F
σ
0
1 + F σ0
J20 (Q)
] .
(3.41)
The Hartree correction to the resistivity takes the form
of Eq. (3.19) with an additional overall factor of 3 and
with J20 (Q) multiplied by F
σ
0 /(1 + F
σ
0 ),
J20 (Q)→ J20 (Q)
F σ0
1 + F σ0
≡ 1− J σ(Q) , (3.42)
everywhere in (3.20); the result is shown in Fig. 6b for
several values of F σ0 .
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FIG. 7: The function GσH(Tτ, ǫz), Eq. (3.46), describing the
temperature dependence of the triplet contribution is shown
for F σ0 = −0.3 and different values of Zeeman splitting,
ǫz = 0.1, 0.3, 0.5, 1.0 (from top to bottom). Dashed curve
represents the case ǫz = 0.
F. Effect of Zeeman splitting
Until now we assumed that the temperature is much
larger than the Zeeman splitting EZ, T ≫ EZ. In typical
semiconductor structures this condition is usually met in
non-quantizing magnetic fields in the ballistic range of
temperatures, allowing one to neglect the Zeeman term.
If, however, this condition is violated, T . EZ, the Zee-
man splitting suppresses the triplet contributions with
the z-projection of the total spin Sz = ±1, while the
triplet with Sz = 0 and singlet parts remain unchanged.
In the case of a weak interaction, κ/kF ≪ 1, the triplet
contribution 3GtH(Tτ, κ/kF ) in Eq.(3.32) is modified in
the following manner,
3GtH(x, y)→ GtH(x, y) + 2Re G˜tH(x, y; ǫz), (3.43)
where ǫz = 2τEZ, and the function G˜
t
H(x, y; ǫz) describ-
ing the temperature dependence of the contribution with
±1 projection of the total spin is given by
G˜tH(x, y; ǫz) =
πx2y
4
∫ ∞
0
du exp[iǫzu]
sinh2(πxu)
×
∫ pi
0
dφ
exp[−2 sin2 φ/u]
y + 2 sinφ
(
u− 2 sin2 φ) .
(3.44)
We see that at Tτ ≪ ǫz, the contributions of ±1-
components of the triplet saturate at the value given by
(3.34) with a replacement Tτ → ǫz, i.e. at ∼ GtH(ǫz, y).
In the opposite limit, Tτ ≫ ǫz, we have G˜tH(x, y; ǫz) ≃
GtH(x, y), and the result (3.32) is restored.
The triplet contribution for strong isotropic interaction
(i.e. determined by F σ0 only) in the presence of Zeeman
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splitting reads
δρHxx(B)
ρ0
= − (ωcτ)
2
πkF l
[GσH(Tτ, 0) + 2ReG
σ
H(Tτ, ǫz)].
(3.45)
The function GσH(Tτ, ǫz) is given by a formula similar to
(3.20),
GσH(x, ǫz) = 32π
2x2
∫ ∞
0
dQQ3[1− J σ(Q)]
×
∞∑
n=1
n(12πxnJ σ(Q) + [2 + J σ(Q)][Q2 + iǫz])
(4πxn+ [Q2 + iǫz])3(4πxnJ σ(Q) + [Q2 + iǫz])2 ,
(3.46)
with J σ(Q) as defined in (3.42). Again, for high temper-
atures Tτ ≫ ǫz, all the triplet components contribute, so
that the overall factor of 3 (as in the absence of the Zee-
man splitting) restores. On the other hand, for Tτ ≪ ǫz,
the contributions with ±1 projection of the spin saturate
at low temperatures, and therefore the triplet contribu-
tion is partly suppressed, see Fig. 7.
G. Hall resistivity
As discussed in Sec. III B, calculation of the correction
δρxy to the Hall resistivity requires evaluation of both
δσxx and δσxy. In fact, as we show below, the temper-
ature dependence of δρxy in a strong magnetic field is
governed by δσxx in the diffusive limit and by δσxy in
the ballistic limit.
Since δσxx has been studied above, it remains to cal-
culate δσxy. Using the result (3.9) for the corresponding
kernel Bxy, we get the exchange contribution for the case
of a point-like interaction
δσxy = − e
2
2π2
νV0
ωcτ
[
G
(xy)
0 (Tτ) +G
(xy)
UV
]
, (3.47)
where the temperature dependence of the correction is
governed by the function
G
(xy)
0 (x) = −π2
∫ ∞
0
du
u
exp(−1/u)
×
[
x2
sinh2(πxu)
− 1
(πu)2
]
(3.48)
× [ (9u− 3)I0(1/u) + (3− 2u)I1(1/u) ] .
When writing (3.48), we subtracted a temperature inde-
pendent but ultraviolet-divergent (i.e. determined by the
upper limit in frequency integral) contribution G
(xy)
UV ; we
will return to it in the end of this subsection.
The function G
(xy)
0 (x) has the following asymptotics:
G
(xy)
0 (x) ≃
{
9πx, x≪ 1,
11c1x
1/2, x≫ 1, (3.49)
with
c1 = −
√
π
4
ζ(1/2) ≃ 0.647. (3.50)
Combining (3.12) and (3.47) and using (2.42), we find
the correction to the Hall resistivity,
δρxy
ρxy
=
νV0
πkF l
G
ρxy
0 (Tτ), (3.51)
where
G
ρxy
0 (x) = 2G0(x) −G(xy)0 (x)
≃
{ −2 lnx+ const, x≪ 1,
−11c1x1/2, x≫ 1. (3.52)
The function G
ρxy
0 (x) is shown in Fig. 8. As usual, the
Hartree term in the case of point-like interaction has an
opposite sign and is twice larger in magnitude, if the
Zeeman splitting can be neglected.
An analogous consideration for the Coulomb interac-
tion yields a similar result for the exchange correction
δρFxy
ρxy
=
G
ρxy
F (Tτ)
πkF l
, (3.53)
G
ρxy
F (x) = 2GF(x)−G(xy)F (x)
≃
{ −2 lnx+ const, x≪ 1,
−11
2
c1x
1/2, x≫ 1. (3.54)
The function G
(xy)
F (x) is obtained by substituting (3.17)
and (3.9) in (2.35) [cf. similar calculation for δσFxx leading
to Eqs. (3.18) and (3.20).] The function G
ρxy
F (x) describ-
ing the temperature dependence of the exchange correc-
tion to the Hall resistivity is shown in Fig. 8. In the bal-
listic regime, where G
(xy)
F (x) dominates, the interaction
becomes effectively point-like with νV0 =
1
2 , so that one
can simplify the calculation using G
(xy)
F (x) ≃ 12G
(xy)
0 (x).
To analyze the Hartree contribution, we restrict our-
selves to the isotropic-interaction approximation. Then,
similarly to the consideration in the end of Sec. III E,
only the triplet part contributes, and, in order to cal-
culate G
(xy)
H (x), one should use Eqs. (3.9) and (3.41).
In the diffusive limit the Hartree correction to the Hall
resistivity is determined by (3.39), while in the ballis-
tic limit we have again effectively point-like interaction
with νV0 =
3
2F
σ
0 /(1 + F
σ
0 ), implying that G
(xy)
H (x) ≃
−3G(xy)0 (x)F σ0 /2(1 + F σ0 ). This yields
δρHxy
ρxy
= −G
ρxy
H (Tτ)
πkF l
, (3.55)
G
ρxy
H (x) ≃ 3×


2
[
1− ln(1 + F
σ
0 )
F σ0
]
lnx, x≪ 1,
11
2
c1
F σ0
1 + F σ0
x1/2, x≫ 1.
(3.56)
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FIG. 8: Functions G
ρxy
0 (Tτ ) (lower curve)and G
ρxy
F (Tτ )
(upper curve) describing the temperature dependence of the
Hall resistivity for point-like and Coulomb interaction, respec-
tively. Diffusive (x ≪ 1) and ballistic (x ≫ 1) asymptotics,
Eqs. (3.52) and (3.54), are also shown.
We return now to the T -independent contribution
G
(xy)
UV that was subtracted in Eq. (3.48). In view of the
divergency of this term at u→ 0, it is determined by the
short-time cut-off umin = tmin/2τ
G
(xy)
UV ∝
∫
umin
du
u3/2
∼ u−1/2min . (3.57)
Since the correction we are discussing is governed by cy-
clotron returns, the cut-off tmin corresponds to a single
cyclotron revolution, umin ∼ π/ωcτ . [On a more formal
level, this is related to the assumption ω ≪ ωc used for
derivation of (3.48); see the text below Eq. (3.1).] We
have, therefore, G
(xy)
UV = c
(xy)(ωcτ)
1/2, with a constant
c(xy) of order unity45. For the point-like interaction,
the considered term produces a temperature-independent
correction to the Hall resistivity of the form
δρxy
ρxy
=
νV0c
(xy)
πkF l
(ωcτ)
1/2. (3.58)
In the case of Coulomb interaction, this correction (with
both, exchange and Hartree, terms included) has the
same form with νV0 → 12 [1− 3F σ0 /(1 + F σ0 )].
Finally, let us discuss the expected experimental man-
ifestation of the results of this subsection. Equations
(3.54), (3.55) predict that in the presence of interaction
the temperature-dependent part of the Hall resistivity
ρxy(B) in a strong magnetic field ωc ≫ τ−1, T is linear
in B at arbitrary T , with the T -dependence crossing over
from lnT in the diffusive regime to T 1/2 in the ballistic
regime. More specifically, if the interaction is not too
strong, the exchange contribution (3.54) wins and the
slope decreases with increasing temperature, while in the
limit of strong interaction the slope increases due to the
Hartree term (3.55). In an intermediate range of F σ0 the
slope is a non-monotonous function of temperature. Sur-
prisingly, this behavior of the slope of the Hall resistivity
is similar to the behavior of σxx obtained in Ref. 18 for
B = 0 and white-noise disorder. This is a very non-trivial
similarity, since the correction to ρxy at weak fields
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shows a completely different behavior, vanishing as T−1
in the ballistic regime. In addition to the temperature-
dependent linear-in-B contribution, the interaction gives
rise to a T -independent correction (3.58), which scales as
δρxy ∝ B3/2 (assuming again that ωc ≫ τ−1, T )
Let us recall that these results are governed by mul-
tiple cyclotron returns and thus are valid under the as-
sumption ωc ≫ T . In the opposite case, ωc ≪ T, the
correction is suppressed in the ballistic regime (similarly
to δρxx, see Secs. II B3 and IIIA), and the Hall resistance
takes its Drude value.
IV. QUALITATIVE INTERPRETATION:
RELATION TO RETURN PROBABILITY
It was argued in Ref. 46 by using the Gutzwiller trace
formula and Hartree-Fock approximation that the inter-
action correction to conductivity is related to a classical
return probability. The aim of this section is to demon-
strate how this relation follows from the explicit formulas
for σxx.
We begin by considering the case of smooth disorder,
when the kernel Bxx(ω,q) is given by Eq. (2.36). For
simplicity, we will further assume a point-like interac-
tion, when only the first two terms in (2.36) give non-
zero contributions. In fact, we know that the result for
the Coulomb interaction is qualitatively the same [cf.
Eqs. (3.15) and (3.21)].
We will concentrate on the first term in (2.36); the
second one yields a contribution of the same order in the
ballistic regime and is negligible in the diffusive limit.
Therefore, for the purpose of a qualitative discussion it
is sufficient to consider the first term. Using (3.3), the
corresponding contribution can be estimated as
δσxx
σxx
∼ V0
∫ ∞
−∞
dω
∂
∂ω
[
ω coth
ω
2T
]∫
(dq)Re
∂〈D(ω,q)〉
∂ω
∼ V0
∫ ∞
0
dt
(πT )2t
sinh2(πT t)
t〈D(r = 0, t)〉
∼ V0
∫ T−1
0
dt 〈D(r = 0, t)〉, (4.1)
where σxx is the Drude conductivity in magnetic field and
we performed in the second line the Fourier transforma-
tion of D to the coordinate-time representation (3.11).
The return probability in a strong magnetic field,
ωcτ ≫ 1,
R(t) ≡ 〈D(r = 0, t)〉, (4.2)
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FIG. 9: Schematic plot of the return probability R(t) in
a strong magnetic field and smooth disorder. In the ballis-
tic regime, the peaks are separated by the cyclotron period,
t1 = 2π/ωc. Dashed curve represents the smoothened return
probability R¯(t)
is shown schematically in Fig. 9. In the diffusive time
range, t ≫ τ , it is given by R(t) = 1/4πDt (where D is
the diffusion constant in the magnetic field, D ≃ R2c/2τ).
Equation (4.1) thus yields in the diffusive regime, Tτ ≪
1,
δσxx
σxx
∼ V0
D
ln(Tτ), (4.3)
in agreement with (1.2), (2.48).
At short (ballistic) time, t ≪ τ , the return prob-
ability is governed by multiple cyclotron returns after
n = 1, 2, . . . revolutions,
R(t) =
∑
n
ωcτ
4
√
3π2nR2c
exp
(
− [t− 2πn/ωc]
2ω3cτ
12πn
)
.
(4.4)
Since T ≪ ωc, the conductivity correction (4.1) is in fact
determined by the smoothened return probability,
R¯(t) =
1
(2π)3/2
1
R2c
(τ
t
)1/2
. (4.5)
Substituting (4.5) in (4.1) we find that in the ballistic
limit, Tτ ≫ 1, the conductivity correction scales as
δσxx
σxx
∼ V0
D
(Tτ)−1/2, (4.6)
in agreement with the exact results (3.12), (3.15). As to
the diffusive regime, Tτ ≪ 1, the contribution of short
times t . τ to the integrand in (4.1) yields a subleading
T -independent correction ∼ V0/D to (4.3).
It is worth emphasizing that the ballistic behavior
(4.5) of the return probability R¯(t) corresponds to a one-
dimensional diffusion. Consequently the ballistic result
(4.6) has the same form as the diffusive Altshuler-Aronov
correction in the quasi-one-dimensional geometry. To
clarify the reason for emergence of the one-dimensional
diffusion, we illustrate the dynamics of a particle subject
to a strong magnetic field and smooth disorder in Fig. 10
δ
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FIG. 10: Schematic illustration of the ballistic dynamics in
a strong magnetic field. The thick line shows the particle
trajectory (two cyclotron revolutions disturbed by the smooth
random potential). The thin line is the diffusive trajectory of
the guiding center.
Let us assume that the velocity is in y direction at
t = 0. As is clear from Fig. 10, the return probability
R1 after the first cyclotron revolution (the integral of the
first peak in Fig. 9) is determined by the shift δx of the
guiding center in the cyclotron period t1 = 2π/ωc. In
view of the diffusive dynamics of the guiding center, this
shift has a Gaussian distribution with
δ21 ≡ 〈δ2x〉 = 2Dt1 =
2πR2c
ωcτ
, (4.7)
yielding
R1 =
(ωcτ)
1/2
2πvFRc
. (4.8)
Furthermore, we have 〈δ2x〉 = nδ21 after n revolutions,
yielding the return probability Rn = R1/
√
n. As to the
y-component δy of the guiding center shift, it only gov-
erns the width of the peaks in Eq. (4.4) and Fig. 9 without
affecting R¯(t). Therefore, the smoothened return proba-
bility is
R¯(t) =
Rn
t1
∣∣∣∣
n=t/t1
, (4.9)
which reproduces Eq. (4.5).
As mentioned in Sec. III A, the emergence of the one-
dimensional diffusion in the ballistic regime is reflected
by the factor J20 (Q) ∼ 1/πQ in the formula (3.6) for
the kernel Bxx(ω,q). This factor effectively reduces the
dimensionality of the q-integral,
∫
d2q → R−1c
∫
dq.
In the above we considered a system with smooth dis-
order, for which δσxx at B = 0 vanishes exponentially in
the ballistic limit. Now we turn to the opposite case of
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a white-noise disorder. We will show that the linear-in-
T correction17,18 (Sec. II C3) is again related to the re-
turn probability but the relation is different from (4.1).
Indeed, according to (2.49), we have now the structure
〈D〉〈D〉 instead of 〈DD〉 that was relevant for smooth
disorder. On the other hand, the return probability at
ballistic times t ≪ τ is clearly dominated by processes
with a single back-scattering event, implying
〈D(r = 0, t)〉 ∼ 1
τ
∫
(dq)dω〈Df(ω,q)〉2eiωt. (4.10)
Therefore, the contribution of the first term in (2.49) can
be cast in the form
δσxx
σxx
∼ V0τ
∫ T−1
E−1
F
dt
t
〈D(r = 0, t)〉,
∼ V0τ [ const− 〈D(0, t ∼ T−1)〉]. (4.11)
It is easy to see that the probability of a ballistic return
after a single scattering event is
〈D(r = 0, t)〉 ∼ 1
τ
∫
d2r1
δ(t− 2r1/vF )
(vF r1)2
∼ 1
v2F τt
. (4.12)
Substituting (4.12) in (4.11), we reproduce the linear-in-
T correction (2.52),
δσxx(T ) ∼ e2νV0Tτ (4.13)
The constant term in (4.11) comes from the lower limit
of the time integral, which is of the order of E−1F . This
constant merely renormalizes the bare value of the Drude
conductivity.
On the diffusive time scale 〈D〉〈D〉 ≃ 〈DD〉, so that
there is no difference between white-noise and smooth
disorder. Therefore, in the diffusive limit the result (4.1)
applies, yielding the usual logarithmic correction (4.3).
In fact the contribution of the type (4.1) arises also in
the ballistic regime when all terms in (2.38) are taken
into account. According to (4.12), it has the form
δσxx
σxx
∼ V0
D
[ ln(Tτ)− const], (4.14)
which is a subleading correction to the linear-in-T term
(2.52), (4.13).
In the ballistic regime, Tτ ≫ 1, the above quali-
tative arguments for a white-noise disorder can be re-
formulated in terms of the interaction-induced renormal-
ization of the differential scattering cross-section on a
single impurity. Specifically, the renormalization occurs
due to the interference of two waves, one scattered off
the impurity and another scattered off the Friedel os-
cillations created by the impurity18,47. The interference
contribution is proportional to the probability W (π) of
backscattering off the impurity (see Appendix C) and
hence, to the return probability after a single-scattering
event, as discussed above.
On the other hand, this implies that the scatter-
ing cross-section around φ ∼ π is itself modified by
the Friedel oscillations (in other words, the impurities
are seen by electrons as composite scatterers with an
anisotropic cross-section). The renormalization of the
bare impurity depends on the energy of the scattered
waves, which after the thermal averaging translates into
the T -dependence of the effective transport scattering
time,18 τ(T ) [this corresponds to setting t ∼ T−1 in the
return probability, see Eq. (4.11)]. This mechanism pro-
vides a systematic microscopic justification of the concept
of temperature-dependent screening17.
We recall that, in addition to the linear-in-T term, the
conductivity correction contains a T -independent con-
tribution determined by the ultraviolet frequency cut-
off ∼ EF . In the case of strong interaction this term
can be of the same order as the bare (non-interacting)
Drude conductivity. The coefficient in front of this
term cannot be calculated within the quasiclassical ap-
proach because it is governed by short-distance physics
at scales of the order of λF . At the same time, ac-
cording to the above picture, this T -independent correc-
tion also modifies the impurity scattering cross-section
around φ = π. The corresponding correction δW (φ)
may thus be comparable to the bare isotropic scatter-
ing probability W0. An interesting consequence of this
fact is a possible situation when the total relaxation rate
τ−1s ∝
∫
dφ[W0 + δW (φ)] is smaller than the transport
relaxation rate τ−1 ∝ ∫ dφ[W0 + δW (φ)](1 − cosφ).
In smooth disorder (small-angle scattering), the
backscattering amplitude vanishes exponentially with
kFd, and so does the amplitude of Friedel oscillations.
This leads to the suppression of the Tτ -contribution
to the conductivity [see Sec. II C3; this fact was real-
ized within the T -dependent screening picture already in
Ref. 17 for the case of scattering on long-range interface
roughness]. We note, however, that the understanding of
the interaction effects in terms of scattering off Friedel os-
cillations is only possible in the ballistic regime. Indeed,
the diffusive correction in a smooth random potential is
not exponentially small and is related to random (having
no 2kF -oscillating structure) fluctuations of the electron
density, as was pointed out in Refs. 1,46. The correla-
tions of these fluctuations (which reduce to the Friedel
oscillations on the ballistic scales) are described by the
return probability at arbitrary scales.
Finally, we use the interpretation of the interaction cor-
rection in terms of return probability to estimate the MR
in the white-noise random potential and at sufficiently
weak magnetic fields, ωc ≪ T . Note that the zero-B bal-
listic correction (4.13) does not imply any dependence
of resistivity on magnetic field. Indeed, as follows from
(1.1), a temperature dependence of the transport time
τ(T ) is not sufficient to induce any non-trivial MR,
∆ρxx(B, T ) ≡ ρxx(B, T )− ρxx(0, T ) = 0,
if τ is B-independent.
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In order to obtain the B-dependence of the resistiv-
ity, we thus have to consider the influence of the mag-
netic field on the return probability determining the cor-
rection to the transport time. Since in the ballistic
regime the characteristic length of relevant trajectories
is L ∼ vF /T ≪ l, their bending by the magnetic field
modifies only slightly the return probability for ωc ≪ T .
The relative correction to the return probability is thus
of the order of (L/Rc)
2 ∼ ω2c/T 2 independently of the
relation between ωc and τ
−1. Therefore, to estimate the
MR in the white-noise potential for ωc, τ
−1 ≪ T , one can
simply multiply the result (4.13) for B = 0 by a factor
(ωc/T )
2, yielding
∆ρxx
ρ0
∼ (ωcτ)
2
kF l
1
Tτ
, ωc ≪ T. (4.15)
A formal derivation of this result is presented in Sec. VB.
In a stronger magnetic field, ωc ≫ T , the situation
changes dramatically due to multiple cyclotron returns,
see above. This regime is considered in Sec. VA below.
V. MIXED DISORDER MODEL
A. Strong B
In Sec. III, we studied the interaction correction for a
system with a small-angle scattering induced by smooth
disorder with correlation length d≫ k−1F . This is a typi-
cal situation for high-mobility GaAs structures with suf-
ficiently large spacer d. It is known, however, that with
further increasing width of the spacer the large-angle
scattering on residual impurities and interface roughness
becomes important and limits the mobility. Furthermore,
in Si-based structures the transport relaxation rate is
usually governed by scattering on short-range impurities.
This motivates us to analyze the situation when resis-
tivity is predominantly due to large-angle scattering. We
thus consider the following two-component model of dis-
order (“mixed disorder”): white-noise random potential
with a mean free time τwn and a smooth random po-
tential with a transport relaxation time τsm and a single
particle relaxation time τsm,s [τsm/τsm,s ∼ (kF d)2 ≫ 1].
We will further assume that while the transport relax-
ation rate τ−1 = τ−1wn + τ
−1
sm is governed by short-range
disorder, τwn ≪ τsm, the damping of SdHO is dominated
by smooth random potential, τsm,s ≪ τwn. This allows
us to consider the range of classically strong magnetic
fields, ωcτwn ≫ 1, neglecting at the same time Landau
quantization (which is justified provided ωcτsm,s/π≪ 1).
To calculate the interaction corrections, we have to find
the corresponding kernel Bαβ(ω,q) determined by the
classical dynamics. Naively, one could think that under
the assumed condition τwn ≪ τsm the smooth disorder
can simply be neglected in the expression for the classi-
cal propagator. While this is true in diffusive limit, the
situation in the ballistic regime is much more nontrivial.
To demonstrate the problem, let us consider the kernel
B
(ρ)
xx in the ballistic limit Tτ ≃ Tτwn ≫ 1 and in a strong
magnetic field ωc ≫ T ≫ τ−1. If the smooth random po-
tential is completely neglected in classical propagators,
we have [see Appendix B; the second term in Eq. (B.39)
can be neglected for ωc ≫ T ]
B(ρ)xx ≃
1
τwn
[
i
∂g0
∂ω
+ g20 −
1
4
(
∂g0
∂Q
)2]
, (5.1)
where g0(ω,q) is the angle-averaged propagator with only
out-scattering processes included,
g0(ω,q) =
iπ
ωc
Jµ(qRc)J−µ(qRc)
sinπµ
, (5.2)
and µ = (ω + iτ−1wn )/ωc. If characteristic frequencies sat-
isfy ω ≪ ωc (which is the case for T ≪ ωc), Eq. (5.2) can
be further simplified,
g0 =
J20 (Q)
−iω + τ−1wn
. (5.3)
Substituting (5.1) and (5.3) in (2.39), we see that
momentum- and frequency-integrations decouple and
that the first term in (5.1) generates a strongly
ultraviolet-divergent q-integral ∼ ∫ dQ.
The physical meaning of this divergency is quite trans-
parent. The contribution of the first term in (5.1) to δρxx
is proportional to the time-integrated return probability∫
dtg0(r = 0, t), similarly to (4.1). For t ≪ τwn the
propagator g0(r, t) describes the ballistic motion in the
absence of scattering, which is merely the undisturbed
cyclotron rotation in the case of a strong magnetic field.
Since at t = 2πn/ωc the particle returns exactly to the
original point, the integral
∫
dtg0(r = 0, t) diverges.
The encountered divergency signals that the neglect of
smooth disorder is not justified, even though τwn ≪ τsm.
Indeed, with smooth disorder taken into account, the par-
ticle does not return exactly to the original point after a
cyclotron revolution, see Sec. IV. The return probability
is then described by Eqs. (4.4), (4.5) with τ replaced by
τsm. It is worth mentioning a similarity with the prob-
lem of memory effects in a system with strong scatterers,
where even a weak smooth disorder turns out to be cru-
cially important8,9.
To demonstrate the role of the smooth disorder on
a more formal level, we write down the angle-averaged
propagator in the ballistic regime, Tτwn ≫ 1, for the
mixed-disorder model,
〈D(ω,q)〉 = J
2
0 (Q)
Q2/2τsm − iω + τ−1wn
. (5.4)
Clearly, in both limits τsm = ∞ and τwn = ∞ this for-
mula reduces to (5.3) and (3.2), respectively. In view of
ωτwn ≫ 1 the last term in the denominator of (5.4) can
be neglected, and we return to the expression for solely
smooth disorder. The presence of the term Q2/2τsm
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regularizes the Q-integrals, thus solving the problem of
ultraviolet-divergencies discussed above. The charac-
teristic momenta are thus determined by Q2 ∼ Tτsm.
Therefore, despite the weakness of the smooth disorder,
τsm ≫ τwn, it is the first (Q-dependent) rather than the
third term which has to be retained in the denominator
of (5.4). In other words, in the ballistic regime and in
a strong magnetic field the dynamics in the considered
model is governed by smooth disorder.
The above discussion demonstrates that at ωc ≫ T ≫
τ−1wn the kernel Bαβ(ω,q) for the mixed-disorder model is
given by (2.38) with propagators D calculated in smooth
random potential (i.e. with white-noise disorder ne-
glected). The time τwn enters the result only through the
matrices Tαβ (determined by the transport time τ ≃ τwn)
and Sαβ . Using τsm/τwn ≫ 1, we find then that the re-
sulting expression,
Bxx ≃ 1
2ω2cτ
[
1 +
τ
τwn
]
〈DD〉
− 1
2ω2cτwn
[〈D〉〈D〉 − 2〈Dny〉〈nyD〉]
− 1
2ω2c
[〈D〉 − 2〈nyDny〉]
+
2
ωc
〈nyDnxD〉 − 〈DnxDnxD〉 (5.5)
is dominated by the first term corresponding to the first
term in Eq. (5.1). This yields for Q ≡ qRc ≫ 1
Bxx(ω,q) ≃ 1
ω2cτ
〈DD〉 ≃ 4τ
2
sm
ω2cτ
J20 (Q)
(Q2 − iΩ)2 , (5.6)
where Ω = 2ωτsm.
As in previous sections, we first calculate the conduc-
tivity correction for a point-like interaction. Substituting
(5.6) in (2.35), we get
δσxx = − e
2
2π2
νV0
(τsm
τ
)1/2 4c0
(Tτ)1/2
, T ≫ 1/τwn,
(5.7)
with the constant c0 as defined in Eq. (3.16). For an
arbitrary (not necessarily small) value of the ratio τ/τsm
the coefficient 4 in (5.7) is replaced by 4−3τ/τsm. For τ =
τsm (i.e. without white-noise disorder) we then recover
the ballistic asymptotics of Eq. (3.15).
As in the case of purely smooth disorder, the resis-
tivity correction δρxx is related to δσxx via Eq. (3.14).
Comparing (5.7) with (3.15), we see that the correction
δρxx is enhanced in the mixed-disorder model by a factor
∼ 4(τsm/τ)1/2 ≫ 1 as compared to the purely smooth-
disorder case. On the other hand, the scaling with tem-
perature and magnetic field, δρxx ∝ B2T−1/2, remains
the same.
Let us analyze now the crossover from the ballistic
to the diffusive regime. Setting Tτ ∼ 1 in (5.7), we
find that the correction is parametrically large, δσxx ∼
(τsm/τwn)
1/2. Clearly, this does not match the diffusive
contribution (2.48), yielding δσxx ∼ 1 at Tτ ∼ 1. This
indicates that returns without scattering on white-noise
disorder continue to govern the correction in certain tem-
perature window below T ∼ 1/τ , which normally belongs
to the diffusive regime.
To find the corresponding contribution, one should
take into account the scattering-out term τ−1wn in the de-
nominator of (5.4), which yields
G1(x, γ) =
2
π
( γ
2x
)1/2 ∫ ∞
0
dzz3/2 exp[−z/πx]
sinh2z
=
{
(2γ)1/2, x≪ 1,
4c0γ
1/2x−1/2, x≫ 1, (5.8)
where γ = τsm/τ ≫ 1 and x = Tτ . To describe the
temperature dependence of the interaction correction for
all T , we have to add here the diffusive contribution,
which has the form (2.48) for Tτ ≪ 1 and vanishes for
Tτ ≫ 1. This contribution corresponds to long times
t ≫ τ and describes the trajectories multiply scattered
off white-noise disorder. Since at Tτ ∼ 1 the sum of the
ballistic and diffusive contributions will be dominated by
G1(1, γ) ∼ γ1/2 ≫ 1, the precise way of vanishing of the
diffusive contribution at Tτ ∼ 1 is inessential. Therefore,
we can describe it by the function G0(x), Eq. (3.12). The
resistivity correction for a system with mixed disorder
and point-like interaction has thus the following form:
δρxx(B)
ρ0
= − (ωcτ)
2
πkF l
νV0G
mix
0 (Tτ, τsm/τ), (5.9)
where
Gmix0 (x, γ) = G1(x, γ) +G0(x) (5.10)
=
{ − lnx+ (2γ)1/2, x≪ 1,
4c0γ
1/2x−1/2, x≫ 1,
This result is illustrated in Fig. 11a.
In the case of Coulomb interaction, we have as usual a
similar result for the exchange contribution
δρF,mixxx (B)
ρ0
= − (ωcτ)
2
πkF l
GmixF (Tτ, τsm/τ), (5.11)
with
GmixF (x, γ) =
1
2
G1(x, γ) +GF(x) (5.12)
=
{
− lnx+ (γ/2)1/2, x≪ 1,
2c0γ
1/2x−1/2, x≫ 1.
This function is shown in in Fig. 11b. In fact, here the
diffusive contribution can be described either by the func-
tion GF(x) or by G0(x) because in the diffusive limit they
coincide up to a small constant. Since in the intermedi-
ate and ballistic regimes [where GF(x) and G0(x) differ]
the contribution 12G1(x, γ) is dominant, the behavior of
the diffusive contribution is of no importance, as in the
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FIG. 11: Functions Gmix0 (Tτ ) (a) and G
mix
F (Tτ ) (b) describ-
ing the temperature dependence of the resistivity correction
due to point-like and Coulomb (exchange) interaction, respec-
tively, in the mixed-disorder model for different values of pa-
rameter γ ≡ τsm/τ = 20, 10, 5 (from top to bottom). Dashed
curves represent these functions for purely smooth disorder
(γ = 1).
case of point-like interaction. Note that the ballistic con-
tribution corresponds to the point-like interaction with
νV0 =
1
2 , yielding a factor
1
2 in front of G1(x, γ) as com-
pared to (5.10). This is because the dynamical part of
screening is suppressed for all relevant Q ∼ Tτsm ≫ 1 in
the whole range of temperatures, even for Tτ < 1, where
this contribution is important.
This also applies to the Hartree contribution to the
resistivity. Within the “F σ0 -approximation” we have
again an effectively point-like interaction with νV0 ≃
3
2F
σ
0 /(1+F
σ
0 ) in the ballistic term. The result thus reads
δρH,mixxx (B)
ρ0
= 3
(ωcτ)
2
πkF l
GmixH (Tτ, τsm/τ), (5.13)
where
GmixH (x, γ) =
1
2
F σ0
(1 + F σ0 )
G1(x, γ) +G
t
H(x)
=


[
1− ln(1 + F
σ
0 )
F σ0
]
lnx+
F σ0
1 + F σ0
(γ
2
)1/2
,
x≪ 1,
−2c0 F
σ
0
(1 + F σ0 )
γ1/2x−1/2, x≫ 1.
(5.14)
Before closing this subsection, we briefly discuss the
Hall resistivity in the mixed disorder model. Repeating
the steps described above, we find that the ballistic con-
tribution to ρxy also contains an extra factor (τsm/τ)
1/2,
similarly to ρxx. For an arbitrary (not necessarily small)
value of the ratio τ/τsm the coefficient 11 in Eqs. (3.52),
(3.54) is replaced by [6 + 5τ/τsm](τsm/τ)
1/2.
B. Weak B
In the case of a purely smooth disorder (Sec. III) the
resistivity correction in the ballistic regime is exponen-
tially suppressed for ωc ≪ T because the particle cannot
return to the origin. When the short-range potential is
present, the situation changes and the return probability
is determined for Tτ ≫ 1 by the single-backscattering
processes. The interaction-induced MR arises then due
to the influence of the magnetic field on the probabil-
ity of such return, as discussed in the end of Sec. IV.
In this case, there is no need to take the smooth poten-
tial into account and the MR is determined solely by the
white-noise disorder. Let us calculate the corresponding
correction using the ballistic form (B.40) of the kernel
∆B
(ρ)
xx .
For a point-like interaction, substituting (B.40) in
(2.39), we find the following ballistic (Tτ ≫ 1) asymp-
totics of the longitudinal MR,
∆ρxx
ρ0
= − (ωcτ)
2νV0
πkF l
π
72 Tτ
. (5.15)
In the case of Coulomb interaction, ∆B
(ρ)
xx is multiplied
by the ballistic asymptotics of the interaction, Eq. (C.1).
Substituting this product in Eq. (2.39), we get the Fock
contribution to the MR in the form
∆ρFxx
ρ0
= − (ωcτ)
2
πkF l
17π
192 Tτ
, T τ ≫ 1. (5.16)
The corresponding Hartree term also scales as B2/T . It
is worth noting that there is another contribution to the
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MR in this regime, which comes from the suppression
of the triplet channel due to Zeeman splitting EZ rather
than from the orbital effects. This contribution is iden-
tical to that found in Ref. 20 for the ballistic magne-
toresistance in a parallel magnetic field. It also scales
as B2/T in a weak magnetic field; however, it contains
an extra factor (EZ/ωc)
2, as compared to (5.16). This
factor is small in typical experiments on semiconductor
heterostructures where the effective mass of the carriers
is much smaller that the bare electron mass.
We now turn to the Hall resistivity. Using (B.38) and
(B.41), we find for ωc, τ
−1 ≪ T and for arbitrary relation
between ωc and τ
−1
δρxy
ρxy
=
νV0
πkF l
π
12 Tτ
(5.17)
for the point-like interaction, and
δρFxy
ρxy
=
1
πkF l
[
1− 49(ωcτ)
2
330
]
11π
96 Tτ
(5.18)
for the Coulomb interaction. The result (5.18) reduces
in the limit B → 0 to that obtained in Ref. 19 from the
quantum kinetic equation. We see that in view of a rela-
tively small value of the numerical coefficient 49/330, the
first (B-independent) term in square brackets in (5.18)
dominates for ωcτ . 1, so that the results of Ref. 19 are
applicable in sufficiently broad range of magnetic fields.
For the corresponding Hartree-correction to δρxy calcu-
lated within the “F σ0 -approximation”, we refer the reader
to Ref. 19.
VI. ANISOTROPIC SYSTEMS
A. Qualitative discussion
In the preceding consideration, we assumed that the
2D system is isotropic. While this is true for the majority
of magnetotransport experiments we have in mind, there
exists a number of important situations when the trans-
port is anisotropic, σxx 6= σyy. First, such an anisotropy
can be induced by the orientation of the 2D electron gas
plane with respect to the crystal axes, see e.g. Ref. 48
for a measurement of the quantum correction for the
(110) surface of the Si-MOSFET. Second, the electron-
electron interaction may lead to spontaneous formation
of a charge-density wave. Finally, the anisotropy may be
induced by a one-dimensional periodic modulation (lat-
eral superlattice). The latter example is of special inter-
est in view of emergence of commensurability oscillations
(known as Weiss oscillations)49, and we will discuss it in
more detail in Sec. VIC.
The interaction-induced correction to the conductiv-
ity tensor of an anisotropic system was calculated for
the diffusive regime and B = 0 by Bhatt, Wo¨lfle, and
Ramakrishnan41. They showed, in particular, that the
quantum correction preserves the anisotropy of the qua-
siclassical (Boltzmann) conductivity. Below we will gen-
eralize their result onto the case of a classically strong
magnetic field, and, furthermore, will extend the consid-
eration to the ballistic regime.
We begin by presenting a simple argument allowing one
to estimate the conductivity correction in an anisotropic
system; we will confirm it by a formal calculation in
Sec. VIB. According to Eq. (4.1), the relative correction
to a diagonal component σµµ (µ = x, y) of the conductiv-
ity tensor is determined by the return probability (and
is, thus, the same for µ = x and µ = y). This implies, in
the diffusive regime
δσµµ
σµµ
∼ −Re 1
ν
∫
(dq)
1
Dαβqαqβ − iω
∣∣∣∣
ω=1/τ
ω=T
, (6.1)
yielding
δσxx ∼ e2
(
σxx
σyy
)1/2
lnTτ (6.2)
and analogously for δσyy. In the ballistic regime the
time-integrated return probability
∫ T−1
dt〈D(t)〉 scales
as (Tτ)−1/2 [see Eqs. (4.5) and (4.6)], so that we have
instead of (6.2),
δσxx ∼ e2 K
(
σxx
σyy
)
(Tτ)−1/2. (6.3)
The explicit form of the function K(x) will be calculated
below. Since the conductivity corrections (6.2) and (6.3)
are only determined by the anisotropic diffusion, we ex-
pect that they do not depend on the particular source
of anisotropy, in analogy with Ref. 41. An important
feature of the results (6.2) and (6.3) is that they mix the
components σxx and σyy of the conductivity tensor. This
will play a central role in our analysis of the interaction
effect on the magnetoresistivity of modulated systems in
Sec. VI C.
It is worth mentioning that the validity of the formula
(6.3) for the ballistic regime is restricted on the high-
temperature side by the condition T . Tad, where T
−1
ad
is the time scale on which the anisotropic diffusion of the
guiding center sets in. The value of Tad depends on the
particular microscopic mechanism of anisotropy. We will
estimate Tad and the behavior of the conductivity cor-
rection at T ≫ Tad for a modulated system in Sec. VIC.
B. Calculation of the interaction-induced
correction to resistivity
We proceed now with a formal calculation of the quan-
tum correction to the conductivity of an anisotropic sys-
tem in a strong magnetic field. As a model of anisotropy,
we will assume anisotropic impurity scattering, with a
cross-section W (φ, φ′) 6= W (φ − φ′). Repeating the
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derivation performed in Secs. II A and II B, we find that
the result (2.35), (2.36) remains valid in the anisotropic
case, with the matrix Tαβ proportional to the correspond-
ing (anisotropic) diffusion tensor Dαβ,
Tαβ =
2Dαβ
v2F
=
1
1 + ω2cτxτy
(
τx −ωcτxτy
ωcτxτy τy
)
,
(6.4)
where τx and τy are the relaxation times for the corre-
sponding components of the momentum. We begin by
considering the diffusive limit, when the leading contri-
bution comes from three-diffuson diagrams, Fig. 1d and e
(see Sec. II C1), which are represented by the last term in
Eq. (2.36). The singular contribution to the propagator
D, governed by the diffusion mode, has a form analogous
to (2.44),
Ds(ω,q;φ, φ′) ≃ ΨR(φ,q)ΨL(φ
′,q)
Dαβqαqβ − iω , (6.5)
see Appendix E for the derivation of (6.5) and explicit
expressions of ΨR,L. Using (6.5) and (E.3), we get
〈D〉 ≃ 〈Ds〉 = 1
Dαβqαqβ − iω (6.6)
and
Bxx(ω,q) ≃ −〈DsnαDsnβDs〉
=
4
v2F
D2xxq
2
x
(Dxxq2x +Dyyq
2
y − iω)3
. (6.7)
The result (6.7) can also be obtained with making use
of the identity (3.5); then it is sufficient to keep only
the leading term (unity) in the expressions for functions
ΨR,L entering (6.5). Substituting (6.7), (6.6), (2.14)
in (2.35), we obtain the final result for the conductivity
correction in the diffusive regime,
δσxx =
e2
2π2
(
Dxx
Dyy
)1/2
lnTτ, (6.8)
δσyy =
e2
2π2
(
Dyy
Dxx
)1/2
lnTτ, (6.9)
in full agreement with a qualitative consideration of
Sec. VIA [Eq. (6.2)]. The correction to the Hall con-
ductivity is zero in the leading (ln Tτ) order, as in the
isotropic case. For the point-like interaction, the result
remains the same, up to a factor νV0.
We now extend the consideration beyond the diffu-
sive limit (thus allowing for qRc & 1), assuming first the
smooth disorder and concentrating on longitudinal com-
ponents of the conductivity and resistivity tensors. In
analogy with (3.1), the singular contribution Ds to the
propagator acquires then the form (see Appendix E)
D(ω,q;φ, φ′) = exp{−iqRc[sin(φ − φq)− sin(φ′ − φq)]}
× χ(φ)χ(φ
′)
Dαβqαqβ − iω (6.10)
where
χ(φ) = 1− iqvF
ω2c
(
1
τx
cosφ cosφq +
1
τy
sinφ sinφq
)
.
(6.11)
This yields
〈D〉 = J
2
0 (qRc)
Dxxq2x +Dyyq
2
y − iω
(6.12)
and
Bxx(ω,q) =
4
v2F
J20 (qRc)D
2
xxq
2
x
(Dxxq2x +Dyyq
2
y − iω)3
, (6.13)
which differs from (6.6), (6.7) by the factor J20 (qRc) only.
In the ballistic limit Tτx, T τy ≫ 1 the relevant values of
qRc are large, qRc ≫ 1, so that the screening is effec-
tively static and the interaction is effectively point-like
with V0 = 1/2ν. Substituting then (6.13) in (2.35) and
rescaling the integration variables qx = D
−1/2
xx q˜x, qy =
D
−1/2
yy q˜y, we find
δσyy = − e
2
4π2
c0(Tτy)
−1/2
× 2
π
K
(√
1−Dxx/Dyy
)
, (6.14)
δσxx =
Dyy
Dxx
δσyy, (6.15)
where K is the elliptic integral,∫ pi/2
0
dx√
cos2 x+ q2 sin2 x
= K(
√
1− q2), 0 < q < 1,
(6.16)
and we assumed that y is the easy-diffusion axis, Dyy >
Dxx.
Let us analyze the obtained results in the limits of weak
and strong anisotropy. It is convenient to set Dxx = D0,
τx = τ0, Dyy = D0 + ∆D, and to introduce a dimen-
sionless anisotropy parameter α = ∆D/D0. Using the
asymptotics of the elliptic integral,
K(s) ≃


π
2
(
1 +
s2
4
)
, s≪ 1,
ln
4√
1− s , 1− s≪ 1,
(6.17)
we find
δσxx ≃ − e
2
4π2
c0(Tτy)
−1/2
×


1− α
4
, α≪ 1,
ln(16α)
πα1/2
, α≫ 1,
(6.18)
and δσyy = (1 + α)δσxx Equations (6.14),(6.15) and
(6.18) confirm the qualitative arguments in Sec. VIA
(based on the behavior of the return probability) which
led to Eq. (6.3).
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C. Modulated systems
In this subsection, we apply the results of Sec. VIB to
a particularly important class of anisotropic 2D systems,
namely, 2D electron gas subject to a periodic potential
varying in one direction. Such systems (lateral superlat-
tices) have been intensively investigated experimentally
during the last fifteen years. In a pioneering work49,
Weiss, von Klitzing, Ploog and Weimann discovered that
even a weak one-dimensional periodic modulation with
a wave vector k ‖ ex may induce strong oscillations of
the magnetoresistivity ρxx(B) [while showing almost no
effect on ρyy(B) and ρxy(B)], with the minima satisfy-
ing the condition 2Rc/a = n − 1/4. Here n = 1, 2, . . .
and a = 2π/k is the modulation period. The quasiclas-
sical nature of these commensurability oscillations was
demonstrated by Beenakker50, who showed that the in-
terplay of the cyclotron motion and the superlattice po-
tential induces a drift of the guiding center along y axis,
with an amplitude squared oscillating as cos2(kRc−π/4)
[this is also reproduced by a quantum-mechanical calcula-
tion, see Refs. 51,52,53]. While Ref. 50 assumed isotropic
impurity scattering (white-noise disorder), it was shown
later that the character of impurity scattering affects cru-
cially the dependence of the oscillation amplitude on the
magnetic field. The theory of commensurability oscilla-
tions in the situation of smooth disorder characteristic for
high-mobility 2D electron gas was worked out in Ref. 54
(see also numerical solution of the Boltzmann equation
in Ref. 55) and provided a quantitative description of
the experimentally observed oscillatory magnetoresistiv-
ity ∆ρxx(B). The result has the form
54
∆ρxx
ρ0
=
πη2k2lRc
4 sinh(πλ)
Jiλ(kRc)J−iλ(kRc), (6.19)
where η is the dimensionless amplitude of the modulation
potential [V (x) = ηEF cos(kx)], and
λ =
1
ωcτs
{
1−
[
1 +
τs
τ
(kRc)
2
]−1/2}
. (6.20)
In the range of sufficiently strong magnetic fields
Eq. (6.19) describes the commensurability oscillations
with an amplitude proportional to B3,
∆ρxx
ρ0
≃ η2 (ωcτ)
2
πkRc
cos2(kRc − π/4), (6.21)
For precise conditions of validity of (6.21), as well as for
an analysis of the result (6.19) in the whole range of
magnetic fields, the reader is referred to Ref. 54.
As to the modulation-induced corrections ∆ρxy,∆ρyy
to the other components of the resistivity tensor, they are
exactly zero within the quasiclassical (Boltzmann equa-
tion) approach, independently of the form of the impurity
collision integral50,54,55. Such corrections appear in the
quantum-mechanical treatment of the problem56,57 and
are related to the de Haas-van Alphen oscillations of the
density of states induced by the Landau quantization of
spectrum. As a consequence, these oscillations are expo-
nentially damped by disorder, with the damping factor
∼ exp[−2π/ωcτs]. The phase of such quantum oscilla-
tions ∆ρ
(DOS)
yy is opposite to that of quasiclassical com-
mensurability oscillations in ∆ρxx, Eqs. (6.19), (6.21).
Indeed, oscillations in ∆ρyy that are much weaker than
those in ∆ρxx, have the opposite phase, and vanish much
faster with decreasing B, were observed in Ref. 49. We
will neglect these oscillations, which are exponentially
weak in the range of magnetic fields considered in the
present paper, ωcτs/π ≪ 1. We are going to show that
the interaction-induced correction to resistivity also gen-
erates oscillations in ρyy, which are, however, unrelated
to the DOS oscillations of a non-interacting system and
become dominant with lowering temperature.
To demonstrate this, we apply the result of Sec. VIB
for the interaction-induced correction in an anisotropic
system. The anisotropy parameter is governed by the
quasiclassical correction to ρxx due to modulation,
α =
σyy
σxx
− 1 ≃ ρxx
ρyy
− 1 = ∆ρxx
ρ0
(6.22)
and is given by Eq. (6.19). For simplicity we will as-
sume that the effect of modulation is relatively weak,
α ≪ 1. (Generalization to the large-α case with making
use of the corresponding formulas of Sec. VIB is com-
pletely straightforward.) Using (6.8) and (6.15), we find
the oscillatory correction to ρyy as a combined effect of
the modulation and the Coulomb interaction,
δρyy
ρ0
=
(ωcτ)
2
2πkF l
∆ρxx
ρ0
×


− lnTτ, T τ ≪ 1,
c0
4
(Tτ)−1/2, T τ ≫ 1. (6.23)
In the presence of strong scatterers (mixed disorder
model), the result for the ballistic regime is enhanced
by the factor 4(τsm/τ)
1/2 ≫ 1, as discussed in Sec. V.
Let us remind the reader that the result (6.23) is valid
for temperatures T ≪ Tad, where T−1ad ≪ τ is the char-
acteristic time on which the motion of the guiding center
takes the form of anisotropic diffusion (see Sec. VIA).
For the case of a modulated system with a smooth ran-
dom potential we find T−1ad ∼ τ(a/Rc)2. This is because
on a scale shorter than T−1ad the modulation leads to a
drift of the guiding center along y axis with the velocity
depending on the coordinate X of the guiding center50,
vd(X) = −ηvF
2
kRcJ0(kRc) sin(kX) (6.24)
≃ − ηvF√
2πkRc
cos(kRc − π/4) sin(kX).
In a time a2/D ≡ T−1ad the position X of the guiding
center is shifted by a distance of the order of the mod-
ulation period a due to the small-angle impurity scat-
tering. Therefore, the drift velocity vd typically changes
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sign on this time scale, so that the drift is transformed to
an additional diffusion process, with ∆Dyy ∼ 〈v2d〉T−1ad ,
in agreement with (6.21). To estimate the resistivity cor-
rection δρyy in the ultra-ballistic regime T ≫ Tad, we use
the relation between the conductivity correction and the
return probability (Sec. IV). The return probability Rn
after n revolutions (introduced in Sec. IV) is modified by
the modulation-induced drift in the following way:
Rmodn = Rn
(
1− n ωcτ π〈v
2
d〉
2v2F
)
. (6.25)
According to (4.1), this yields an oscillatory correction to
resistivity suppressed by a factor ∼ Tad/T as compared
to the second line (ballistic regime) of Eq. (6.23).
Let us summarize the results obtained in this sub-
section. We have shown that in a periodically modu-
lated system the interaction induces, in addition to the
quadratic MR studied in Secs. III and IV, an oscillatory
contribution to the component ρyy of the resistivity ten-
sor, which is not affected by modulation (and thus shows
no oscillations) within the Boltzmann theory. When the
parabolic MR is negative (meaning that the exchange
contribution dominates), which is the case under typical
experimental conditions and for not too high tempera-
tures, these quantum interaction-induced oscillations in
ρyy are in phase with classical oscillations in ρxx, as
follows immediately from Eq. (6.23) [see Fig. 12]. In
other words, their phase is opposite to that of the above-
mentioned contribution ∆ρ
(DOS)
yy induced by the DOS os-
cillations.
We come therefore to the following conclusion con-
cerning the phase of the total oscillatory contribution
to ρyy. While at sufficiently high temperatures the ρyy-
oscillations have, due to the contribution ∆ρ
(DOS)
yy [and
possible due to the Hartree counterpart of Eq. (6.23)],
the phase opposite to ∆ρxx, with lowering temperature
the exchange contribution Eq. (6.23) starts to dominate,
implying that ρyy oscillates in phase with ρxx. Fur-
thermore, the both contributions are damped differently
by disorder: the high-temperature out-of-phase oscilla-
tions ∆ρ
(DOS)
yy vanish with lowering B much faster that
the low-temperature in-phase interaction-induced oscil-
lations δρyy.
Our results are in qualitative agreement with a recent
experiment58. It was observed there that at sufficiently
high temperature, T & 2.5 K, the oscillations in ρyy
have the opposite phase with respect to ρxx, in accord
with earlier experimental findings49. However, when the
temperature was lowered, the phase has changed and ρyy
started to oscillate in phase with ρxx, with an amplitude
increasing with decreasing T . In addition to these novel
oscillations, a smooth negative MR was seen to develop
in the same temperature range. The authors of Ref. 58
emphasized a puzzling character of the temperature de-
pendence of the observed oscillations, which cannot be
explained by earlier theories50,51,52,53,54 discarding the
interaction effects. Our theory leading to Eq. (6.23) pro-
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FIG. 12: Magnetoresistivity in a lateral superlattice with
modulation wave vector k ‖ ex. (a) Quasiclassical Weiss-
oscillations; dashed line shows the resistivity in the absence
of modulation. (b) Interaction-induced quantum oscillations
in ρyy for three temperatures. The curves correspond to the
values of the parameter 2c0(τsm/Tτ
2)1/2 = 0.1, 0.3, 0.5 (from
top to bottom), assuming mixed disorder. Dashed line rep-
resents the resistivity of the non-interacting system. Typi-
cal experimental parameters are used: effective mass m =
0.067×9.1×10−28 g, electron density ne = 3.16×10
11 cm−2,
modulation strength η = 0.05, modulation period a = 260nm,
momentum and single-particle relaxation times τ = 100pc
and τs = 5pc, respectively.
vides a plausible explanation of these experimental find-
ings. Quantitative comparison of the theory and experi-
ment requires, however, a more systematic experimental
study of the temperature dependence of the amplitude of
ρyy-oscillations in a broader temperature range.
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VII. CONCLUSIONS
A. Summary of main results
Let us summarize the key results of the present pa-
per. We have derived a general formula (2.35), (2.38) for
the interaction-induced quantum correction δσαβ to the
conductivity tensor of 2D electrons valid for arbitrary
temperature, magnetic field and disorder range. It ex-
presses δσαβ in terms of classical propagators in random
potential (“ballistic diffusons”). In the appropriate lim-
iting cases, it reproduces all previously known results on
the interaction correction (see Sec. II C).
Applying this formalism, we have calculated the inter-
action contribution to the MR in strong B in systems
with various types of disorder and for arbitrary Tτ . In
the diffusive limit, Tτ ≪ 1, the result does not depend on
the type of disorder, as expected. Specifically, the MR
scales with magnetic field and temperature as follows,
δρxx ∝ B2 ln(Tτ) and δρxy ∝ B lnTτ , in agreement with
Refs. 10 and 11.
In the ballistic limit, Tτ ≫ 1, the result is strongly
affected by the character of disorder. In Sec. III we have
performed a detailed study of the case of smooth dis-
order characteristic for high-mobility GaAs heterostruc-
tures. We have found that the temperature-dependent
MR scales at ωc ≫ T as δρxx ∝ B2(Tτ)−1/2 and
δρxy ∝ B(Tτ)1/2. In addition, there is a temperature-
independent (but larger) contribution ∝ B3/2 to the Hall
resistivity. In the opposite limit ωc ≪ T the MR is sup-
pressed.
We have further considered a mixed disorder model,
with strong scatterers (modeled by white-noise disorder)
superimposed on a smooth random potential (Sec. V). A
qualitatively new situation arises when the momentum
relaxation rate τ−1sm due to smooth disorder is much less
than the total momentum relaxation rate τ−1. Such a
model is believed to be relevant to Si-based structures,
as well as to GaAs structures with very large spacer. We
have shown that in the ballistic limit and at ωc ≫ T the
corrections to both longitudinal and Hall resistivities are
enhanced (as compared to the case of smooth disorder)
by a factor ∼ (τsm/τ)1/2 ≫ 1. In the range of weaker
magnetic fields, ωc ≪ T , the interaction-induced MR
scales in the ballistic regime as ∆ρxx ∝ B2(Tτ)−1 and
δρxy ∝ B(Tτ)−1[1− const (ωcτ)2].
For a weak interaction (κ≪ kF ) the correction is dom-
inated by the exchange contribution, implying that ∆ρxx
is negative and that the slope of ρxy decreases with in-
creasing temperature. This is true up to a tempera-
ture TH ≫ τ−1 (defined in Sec. III D) where the sign
changes. In the case of a strong interaction the mag-
nitude of the Hartree contribution (and thus the sign
of the total correction) depends on angular harmonics
F ρ,σn of the Fermi-liquid interaction (Sec. III E). It is
worth emphasizing that in contrast to the diffusive limit
where only F σ0 is relevant, in the ballistic regime all the
Fermi-liquid parameters are, strictly speaking, impor-
tant, see Eq. (3.40). Therefore, predictions of the “F σ0 -
approximation” (with only one Fermi-liquid parameter
retained) should be treated with caution.
We have further applied our formalism to anisotropic
systems (Sec. VI) and demonstrated that the correction
mixes the components ρxx and ρyy of the resistivity ten-
sor. This result is of special interest in the case of systems
subject to a one-dimensional periodic modulation (lateral
superlattice; wave vector k ‖ ex). Specifically, we have
shown that the interaction induces novel oscillations in
ρyy, which are in phase with quasiclassical commensura-
bility (Weiss) oscillations in ρxx.
B. Comparison with experiment
Our results for ρxx in the case of smooth disorder (pub-
lished in a brief form in the Letter34) have been confirmed
by a recent experiment on n-GaAs system14, which was
performed in the broad temperature range, from the dif-
fusive to the ballistic regime. Specifically, Li et al.14
found that the MR scales as ∆ρxx ∝ B2 in strong mag-
netic fields. The obtained temperature-dependence of the
proportionality coefficient G(Tτ) was in good agreement
with our predictions.
Very recently, Olshanetsky et al.59 studied the MR
in the ballistic regime in a Si/SiGe structure of n-type,
where both short- and long-range potential are expected
to be present. They found the interaction-induced cor-
rection to ρxx larger by a factor ∼ 5 as compared to
our prediction34 for the case of smooth disorder. This
conforms with the results of the present paper for the
mixed-disorder model, where we find an enhancement of
∆ρxx by a factor 4(τsm/τ)
1/2 ≫ 1.
As has been mentioned in Introduction, the
interaction-induced MR in the ballistic regime was mea-
sured for the first time as early as in 1983, by Paala-
nen, Tsui, and Hwang12, who studied GaAs structures.
Again, a parabolic temperature-dependent MR ∆ρxx was
obtained, in agreement with our findings. However, its
magnitude was considerably (roughly an order of mag-
nitude) larger compared with our theoretical result for
the case of smooth disorder, as well as with the re-
cent experiment14. We speculate that samples used in
Ref. 12 probably contained an appreciable concentration
of background impurities, which has led to an enhance-
ment of the interaction-induced contribution to resistiv-
ity, similarly to the recent work59. (Indeed, the results
for the mixed-disorder model shown in Fig. 11 may cre-
ate an impression that the log T behavior extends up to
Tτ ∼ 10, as was concluded in Ref. 12.) Remarkably, the
interaction-induced quantum correction to conductivity
may serve as an indicator of the dominant type of disor-
der.
To the best of our knowledge, no experimental study
of the interaction effects on Hall resistivity ρxy has been
published. This part of our predictions therefore awaits
its experimental verification.
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Finally, our results for systems with one-dimensional
periodic modulation are in qualitative agreement with
the recent work by Mitzkus et al.58, as we discussed in
detail in Sec. VIC. Quantitative comparison of the the-
ory and experiment requires an experimental study of the
temperature-dependence of novel oscillations (found ex-
perimentally in Ref. 58 and theoretically in the present
paper) in a broader temperature range.
C. Outlook
Before closing the paper, we list a few further ap-
plications of our formalism and its possible generaliza-
tions. First, our results can be generalized to frequency-
dependent (rather than temperature-dependent) MR.
Second, the interaction effects in systems of other di-
mensionality, as well as in macroscopically inhomo-
geneous systems, can be investigated by our general
method. Third, the formalism can be used to calculate
the phonon-induced contribution to resistivity, which be-
comes larger than that due to Coulomb interaction at
sufficiently high temperatures. Further, thermoelectric
phenomena in the full range of magnetic fields and tem-
peratures can be studied in a similar way. Finally, our
approach can be generalized to the regime of still stronger
magnetic fields, where the Landau quantization can not
be neglected anymore; the work in this direction is in
progress60.
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APPENDIX A: CANCELLATION OF THE
INELASTIC TERM
As discussed in Sec. II A, diagrams f and g give rise, in
addition to the contribution (2.25), to a term of the type
(2.26), characteristic for inelastic effects. This yields at
B = 0 a disorder-independent correction to resistivity
δρ ∼ (T/eEF )2, see below. Note that such a contribu-
tion to resistivity would be obtained if one substitutes
the inelastic relaxation rate of a clean 2D electron gas,
τ−1inel ∼ T 2/EF in the Drude formula (1.1). However, such
a procedure clearly makes no sense. Indeed, in a transla-
tionally invariant system electron-electron collisions con-
serve the total momentum and thus give no contribution
to resistivity. Therefore, the correction (2.26) ought to
be canceled by some other contribution. Below we show
FIG. 13: Aslamazov-Larkin-type diagrams describing the
Coulomb-drag contribution to the resistivity, which cancels
the “inelastic” part of the diagrams f, g from Fig. 1.
explicitly that this is indeed the case, and that this sec-
ond contribution is of the Coulomb-drag type, described
by the diagrams in Fig. 13.
For simplicity, we restrict our consideration here to the
case of zero B and white-noise disorder, which allows us
to use the results of Ref. 61 for the Coulomb drag. Note
that while Ref. 61 considered the drag between two lay-
ers, we refer to the “self-drag” within a single layer. As
we will see below, the characteristic momenta q determin-
ing the contribution (2.26) are large, q ∼ kF . For this
reason, there is no need to take into account impurity-line
ladders while evaluating this term, similarly to the calcu-
lation of drag in Ref. 61 for a small inter-layer distance.
We thus have
δBfxx(ω,q) =
1
2πνv2F
∫
d2p
(2π)2
× Re [2p2xG2R(ǫ, p)GR(ǫ− ω, p− q)GA(ǫ, p)
+ px(px − qx)GR(ǫ, p)GA(ǫ, p)
× GR(ǫ − ω, p− q)GA(ǫ − ω, p− q)] , (A.1)
where GR,A(ǫ, p) = (EF + ǫ − p2/2m ± i/2τ)−1 are the
disorder-averaged retarded and advanced Green’s func-
tions. Using the identity
GR(ǫ, p)GA(ǫ, p) = i τ [GR(ǫ, p)−GA(ǫ, p) ],
we reduce (A.1) to the form
δBfxx(ω,q) = −
τ2
πv2F ν
∫
d2p
(2π)2
pxqx
× Re[GR(ǫ, p)GA(ǫ− ω, p− q)]
= − τ
2q2x
2v2F νω
ImΠ(ω,q), (A.2)
where Π(ω,q) is the polarization operator (2.15),
ImΠ(ω,q) =
ω
π
∫
d2p
(2π)2
GR(ǫ, p)GA(ǫ− ω, p− q)
≃ 2ν ω
qvF
θ(qvF − ω), (A.3)
where θ(x) is the step function. Furthermore, the imag-
inary part of the interaction propagator within the RPA
is proportional to ImΠ(ω,q)
ImU(ω,q) = −|U(ω,q)|2ImΠ(ω,q). (A.4)
28
Substituting (A.2) and (A.4) in (2.26), we finally obtain
δσinelxx = −
e2τ2
m2
∫ ∞
−∞
dω
2π
1
2T sinh2(ω/2T )
∫
d2q
(2π)2
× q2x|U(ω,q)|2[ImΠ(ω,q)]2, (A.5)
This expression is identical, up to a sign, to the result of
Ref. 61 for Coulomb drag. This demonstrates that two
contributions indeed cancel each other,
δσinel + δσdrag = 0. (A.6)
Using the explicit form of ImΠ(ω,q), Eq. (A.3), and of
U(ω, q), Eq. (2.14), in the ballistic regime, it is easy to
estimate δσinel (we assume here κ ∼ kF for simplicity),
δσinel ∼ −e2τ2T
∫ T
0
dω
∫ kF qdq
k2F
∼ −e2(Tτ)2. (A.7)
As has been stated above, the q-integral is determined
by the ultraviolet cutoff.
Finally, we note that in double-layer system the inter-
layer interaction does give rise to a correction δσinel to the
driving-layer conductivity, which is equal in magnitude
and opposite in sign to the transconductivity. This effect
is, however, reduced by a factor∼ (kF ξ)−4 (where ξ is the
interlayer distance), as compared to (A.7), see Ref. 61.
APPENDIX B: PROPAGATOR AND KERNELS
Bαβ FOR WHITE-NOISE DISORDER
In this appendix we will derive the general expressions
(valid for arbitrary magnetic field) for the kernels B
(ρ)
xx
and B
(ρ)
xy in terms of the quasiclassical propagator for a
white-noise random potential. This will allow us to re-
produce the results of Refs. 18,19, where the interaction-
induced corrections to σxx and ρxy were studied for a
white-noise disorder in the limit B → 0. We will further
apply the formalism to calculate the longitudinal MR
and the Hall resistivity in a finite magnetic field with
ωc ≪ T . The resistivity tensor in yet stronger magnetic
field, ωc ≫ T , is studied, in the more general framework
of a mixed disorder model in Sec. V.
Using Eqs. (2.38) and (2.40), we get
B(ρ)xx =
1
2τ
〈D〉2 − 1
τ
〈Dnx〉〈nxD〉
+
1
2
〈D〉 − 〈nxDnx〉
− 2
τ
〈nxDnxD〉+ 2ωc〈nxDnyD〉
− 1− ω
2
cτ
2
τ2
〈DnxDnxD〉
+
2ωc
τ
〈DnxDnyD〉 (B.1)
for the kernel describing the longitudinal resistivity, and
B(ρ)xy =
ωc
2
〈DD〉 − 1
τ
〈Dnx〉〈nyD〉 − 〈nxDny〉
− 2
τ
〈nxDnyD〉 − 2ωc〈nxDnxD〉
− 1− ω
2
cτ
2
τ2
〈DnxDnyD〉
− 2ωc
τ
〈DnxDnxD〉 (B.2)
for the Hall resistivity.
The propagator D(φ, φ′) in the case of white-noise dis-
order can be expressed through the propagator D0(φ, φ′),
obeying the Liouville-Boltzmann equation with only
scattering-out term present in the collision integral,[
− iω + iqvF cos(φ− φq) + ωc ∂
∂φ
+
1
τ
]
D0(φ, φ′)
= 2πδ(φ− φ′). (B.3)
As in a zero magnetic field, the total propagator is given
by the sum of the ladder-diagrams (thus including the
scattering-in processes), yielding
D(φ, φ′) = D0(φ, φ′) +
∫
dφ1
2π
dφ2
2π
D0(φ, φ1)D0(φ2, φ′)
τ − 〈D0〉 ,
(B.4)
which we write symbolically as follows
D = D0 + D0〉〈D0
τ − g0 . (B.5)
Here we introduced a short-hand notation
g0(ω,q) ≡ 〈D0〉 =
∫
dφ
2π
dφ′
2π
D0(ω,q;φ, φ′) (B.6)
for the angle-averaged scattering-out propagator. It
turns out that for a white-noise disorder the kernels B
(ρ)
xx
and B
(ρ)
xy can be expressed in terms of g0 (and its deriva-
tives with respect to q and ω). The solution of (B.3) is
given by
D0(ω,q;φ, φ′) = exp{iqRc[sin(φ′ − φq)− sin(φ − φq)]}
×
∞∑
n=−∞
exp[in(φ− φ′)]
−i(ω − nωc) + 1/τ . (B.7)
It is worth mentioning that in the mixed-disorder model
introduced in Sec. V with both, white-noise and smooth
disorder present, the solution of the Liouville-Boltzmann
equation also has the form (B.4). In that case, the propa-
gator D0 satisfies the Liouville-Boltzmann equation for a
purely smooth disorder (considered in Appendix D) with
the replacement ω → ω + i/τwn, where τwn is relaxation
time due to white-noise potential.
Using (B.7) and a series representation for the Bessel
functions, we find [see, e.g. Ref. 54]
g0(ω,q) =
i
ωc
∑
n
J2n(qRc)
µ− n
=
iπ
ωc
Jµ(qRc)J−µ(qRc)
sinπµ
, (B.8)
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where Jµ(z) is the Bessel function and
µ =
ω
ωc
+
i
ωcτ
. (B.9)
In the absence of magnetic field (ωc = 0, Rc = vF /ωc =
∞) the propagators D0(ω,q;φ, φ′) and g0(ω,q) acquire
a simple form
D0(ω,q;φ, φ′) = 2πδ(φ− φ
′)
−iω + qvF cos(φ− φq) + 1/τ ,
(B.10)
g0(ω,q) =
1√
q2v2F + (−iω + 1/τ)2
≡ 1
S(ω, q)
.
(B.11)
To proceed further, we first reduce [using (B.5)] the “ma-
trix elements” appearing in (B.1) and (B.2) to the form
containing only the propagators D0,
〈D〉 = 〈D0〉τ
τ − g0 , (B.12)
〈DD〉 = τ
2〈D0D0〉
(τ − g0)2 , (B.13)
〈Dnx〉〈nβD〉 = τ
2〈D0nx〉〈nβD0〉
(τ − g0)2 , (B.14)
〈nxDnβ〉 = 〈nxD0nβ〉
+
〈nxD0〉〈D0nβ〉
τ − g0 , (B.15)
〈nxDnβD〉 = 〈nxD0nβD0〉
+
τ〈nxD0〉〈D0nβD0〉
(τ − g0)2 , (B.16)
〈DnxDnβD〉 = τ
2〈D0nxD0nβD0〉
(τ − g0)2
+
τ2〈D0nxD0〉〈D0nβD0〉
(τ − g0)3 , (B.17)
where β = x, y. Next, using (B.7) and (B.3) and per-
forming the averaging over φq, we can express the matrix
elements involving D0 via the propagator g0. Introduc-
ing the notation W = −iω + 1/τ , we get the following
φq-averaged matrix elements,
〈D0D0〉 = −i∂g0
∂ω
, (B.18)
〈D0nx〉〈nxD0〉 = − 1
2q2v2F
[1−Wg0]2
+
ω2c
8v2F
(
∂g0
∂q
)2
, (B.19)
〈nxD0nx〉 = ω
2
c
4v2F
(
∂2g0
∂q2
+
1
q
∂g0
∂q
)
+
g0
2
,
(B.20)
〈nxD0nxD0〉 = − W
2qv2F
∂g0
∂q
, (B.21)
〈nxD0〉〈D0nxD0〉 = [1−Wg0]
2qv2F
∂g0
∂q
, (B.22)
〈D0nxD0nxD0〉 = − 1
4v2F
(
∂2g0
∂q2
+
1
q
∂g0
∂q
)
,
(B.23)
〈D0nxD0〉2 = − 1
2v2F
(
∂g0
∂q
)2
, (B.24)
for the “longitudinal correlators”, and
〈D0nx〉〈nyD0〉 = ωc
2qv2F
[1−Wg0]∂g0
∂q
, (B.25)
〈nxD0ny〉 = ωc W
2qv2F
∂g0
∂q
, (B.26)
〈nxD0nyD0〉 = ωc
4v2F
(
∂2g0
∂q2
+
1
q
∂g0
∂q
)
, (B.27)
〈nxD0〉〈D0nyD0〉 = ωc
4v2F
(
∂g0
∂q
)2
, (B.28)
〈D0nxD0nyD0〉 = i
2ωc
(
∂g0
∂ω
+
iW
qv2F
∂g0
∂q
)
,
(B.29)
for the “Hall correlators”.
Substituting Eqs. (B.12)-(B.29) in (B.1) and (B.2), we
obtain the kernels B
(ρ)
xx and B
(ρ)
xy averaged over φq,
B(ρ)xx (ω, q) =
(
τ
τ − g0
)2
×
{
2τ − g0
2τ2
[
g20 +
(1 −Wg0)2
q2v2F
]
+
i
τ
∂g0
∂ω
− 1
qv2F τ
2
∂g0
∂q
+
1
4v2F τ
3
(
∂g0
∂q
)2
×
[
(1− ω2cτ2)
2τ
τ − g0 + ω
2
cτ
2
(
1 +
g0
2τ
)]
+
1
4v2F τ
2
(
∂2g0
∂q2
+
1
q
∂g0
∂q
)[
1− ω2cg20
]}
(B.30)
B(ρ)xy (ω, q) =
(
τ
τ − g0
)2
×
{
− i
4ωcτ2
(
∂g0
∂ω
+
iW
qv2F
∂g0
∂q
)
+
ωc
2qv2F τ
[
1−Wg0 − g0
2τ
] ∂g0
∂q
+
ωcg0
4v2F τ
2
(
∂2g0
∂q2
+
1
q
∂g0
∂q
)
+
ωc
4v2F τ
2
τ + g0
τ − g0
(
∂g0
∂q
)2}
. (B.31)
In zero magnetic field, we put ωc = 0 and substitute
g0 = 1/S in (B.30). After some algebra, we reduce the
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obtained expression for the kernel Bxx to the form
B(ρ)xx (ω, q) =
(qvF )
2
2τ3S3(S − 1/τ)3 +
3(qvF )
2
4τ2S3(S − 1/τ)2
+
S −W
τS(S − 1/τ)2 +
(2S − 1/τ)[S −W ]2
2τ(qvF )2S(S − 1/τ)2 ,
(B.32)
which agrees with Eq. (16b) of Ref. 19 up to an overall
factor 1/2τ related to different normalization. In the
ballistic limit, Tτ ≫ 1, expanding (B.32) in τ−1, one
finds the leading contribution [O(1/τ)] given by the last
two terms in (B.32),
B(ρ)xx (ω, q) ≃
S0 + iω
τS30
+
[S0 + iω]
2
τ(qvF )2S20
,
=
S0 + iω
τS20
[
1
S0
+
1
S0 − i(ω + i0)
]
,
(B.33)
where S0 = [q
2v2F − (ω + i0)2]1/2. Substituting (B.33)
in (2.39) and using (C.1) for exchange interaction, we
reproduce the linear-in-T correction to the resistivity in
the ballistic regime,
δρFxx
ρ0
= − T
EF
. (B.34)
Within the approximation of isotropic interaction used
in Ref. 18, the Hartree term is determined by the triplet
channel and is given by
δρHxx
ρ0
= − 3 F
σ
0
1 + F σ0
T
EF
. (B.35)
It is worth noting that one should exercise a certain cau-
tion when comparing the experimental data with the
results (B.34) and (B.35), even in systems with short-
range impurities. First, the higher angular harmonics
F ρ,σn6=0 of the interaction
62 (neglected in the above approx-
imation) may change the numerical coefficient in front
of the Hartree term (see discussion in Sec. III E and in
Ref. 18). Second, anisotropy of the impurity scattering
introduces an extra factor 2πνW (π)τ 6= 1 (where W (π)
is the effective impurity-backscattering probability) in
both exchange and Hartree terms (see Sec. II C3 and Ap-
pendix C). The anisotropy may arise due to some amount
of smooth disorder present in any realistic system, due to
a finite range of scatterers, or due to the screening of orig-
inally point-like impurities (see Sec. IV). Therefore, the
interaction parameter F σ0 extracted from the measured
linear-in-T resistivity with the use of (B.34), (B.35) may
differ considerably from that found from a measurement
of other quantities (e.g. the resistivity correction in the
diffusive limit or the spin susceptibility).
To find the leading contribution to B
(ρ)
xy in the limit of
vanishing magnetic field, we have to expand the propa-
gator g0 up to the second order in ωc in the first term in
curly brackets in (B.31). This can be easily done by treat-
ing the term ωc∂/∂φ in (B.3) as a perturbation, which
yields
g0(B → 0) = g0(ω, q;B = 0) + ω2ch(ω, q)
=
1
S
− ω2c
q2v2F (S
2 − 5W2)
8S7
. (B.36)
After a simple algebra, we find B
(ρ)
xy in the following form,
B
(ρ)
xy (ω, q)
ωc
=
(qvF )
2
τ2S3(S − 1/τ)3 +
(qvF )
2[2S − 5W ]
4τ2S5(S − 1/τ)2
+
W [S −W ]2
2τ2S4(S − 1/τ)2 , (B.37)
which agrees with Eq. (16a) of Ref. 19. In the ballistic
limit, Tτ ≫ 1, the leading contribution [O(1/τ2)] to B(ρ)xy
has the form
B(ρ)xy (ω, q) ≃
ωc(S0 + iω)
4τ2S70
[6S20 − 3iS0ω + 5ω2]. (B.38)
In arbitrary magnetic field, Eq. (B.30) can be also sig-
nificantly simplified when the condition of the ballistic
regime, Tτ ≫ 1, is assumed. Then the leading contribu-
tion to the longitudinal MR, ∆ρxx = ρxx(B)− ρxx(0), is
determined by the kernel
τB(ρ)xx (ω, q) ≃ g20 +
(1−Wg0)2
q2v2F
+ i
∂g0
∂ω
− ω
2
c
4v2F
(
∂g0
∂q
)2
. (B.39)
The remaining terms in (B.30) yield the contributions to
the MR which are smaller at least by an additional factor
(Tτ)−1. Using (B.36) [which tells us that for ωc ≪ T the
magnetic-field-induced corrections to the propagator g0
are small by a factor (ωc/T )
2], we find that the MR for
not very strong magnetic fields, ωc ≪ T , is determined
by a quadratic in ωc correction to the kernel B
(ρ)
xx ,
∆B(ρ)xx (ω, q) =
ω2c
τ
[
2h(ω, q)
S
− 2h(ω, q)
q2v2F
W(S −W)
S
+ i
∂h(ω, q)
∂ω
− 1
4v2FS
4
(
∂S
∂q
)2 ]
= −ω2c
S −W
4τS6
[
S2 − 5W2
S
− 5W(S +W)(3S
2 − 7W2)
2S3
+ S +W
]
≃ −ω2c
S0 + iω
8τS90
(
4S40 + 13iωS
3
0
+ 25ω2S20 − 35iω3S0 + 35ω4
)
, (B.40)
independently of the relation between ωc and τ
−1. Sim-
ilarly, using (B.36), one can find the correction to
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Eq. (B.38) in a finite magnetic field ωc ≪ T ,
∆B(ρ)xy (ω, q) = −ω3c
iω(S20 + ω
2)
4S90
[3S20 + 7ω
2]. (B.41)
Again, this correction is independent of the relation be-
tween ωc and τ
−1. The results (B.40) and (B.41) are used
for calculation of the interaction-induced corrections to
ρxx and ρxy for the white-noise disorder and ωc ≪ T in
Sec. VB.
APPENDIX C: LINEAR-IN-T TERM IN THE
BALLISTIC LIMIT AT B = 0
In this appendix we calculate the leading ballistic cor-
rection to the conductivity at B = 0 for a generic scat-
tering cross-sectionW (φ−φ′) in the case of the Coulomb
interaction. As explained in Sec. II C3, this term (pro-
portional to Tτ) is obtained by substituting the bal-
listic asymptotics (2.51) of Bxx in the general formula
(2.35). Likewise, the interaction propagator U(ω,q) en-
tering (2.35) has to be replaced by
U(ω,q) =
1
2ν
1
1 + iω〈Df〉 (C.1)
with the free propagator Df given by Eq. (2.50). Per-
forming the angular integration 〈...〉, we get
δσxx ≃ − e
2
2π2
Tτ Im
∫ ∞
0
dΩ
∂
∂Ω
(
Ωcoth
Ω
2
)
×
∫ ∞
0
QdQ
[Q2 − (Ω + i0)2]1/2
[Q2 − (Ω + i0)2]1/2 + i(Ω + i0)
×
[∫
dφ
2π
(−iΩ) W˜ (φ)(1 − cosφ)
[Q2 cos2 φ2 − (Ω + i0)2][Q2 − (Ω + i0)2]1/2
− −iΩ
[Q2 − (Ω + i0)2]3/2
]
, (C.2)
where we introduced the dimensionless variables Ω =
ω/T, Q = qvF /T, and W˜ (φ) = 2πντW (φ). It is con-
venient to split the interaction propagator as follows
2νU(Ω, Q) =
S0
S0 + i(Ω + i0)
=
(
1− iΩ
S0 + i(Ω + i0)
)
,
(C.3)
where S0 = [Q
2 − (Ω + i0)2]1/2. The first term corre-
sponds to a statically screened interaction and is equiva-
lent to a point-like interaction with V0 = 1/2ν, the second
term results from the dynamical weakening of screening.
As discussed in Sec. II C3, the contribution δσ
(1)
xx of the
first (constant) term is proportional to the backscatter-
ing probability W (π), see Eq. (2.52). Let us show that
this follows also from Eq. (C.2). Performing the variable
change Q→ S0, we find
δσ(1)xx ≃ −
e2
2π2
Tτ Im
∫ ∞
0
dΩ
∂
∂Ω
(
Ωcoth
Ω
2
)
Φ˜(Ω)
C
−
C
0
ImS
ReS0
0
Ω
FIG. 14: The contours C and C′ of integration over S0 in
Eq. (C.4)
Φ˜(Ω) =
∫
C
dS0
(−iΩ)(S20 +Ω2)
S20
×
∫
dφ
2π
2 sin4(φ/2)W˜ (φ)
S20 cos
2 φ
2 − (Ω + i0)2 sin2 φ2
. (C.4)
The contour C of integration over S0 in Eq. (C.4) is
shown in Fig. 14. Interchanging the order of integration
over φ and S0, we see that for any φ 6= π (i.e. cos φ2 6= 0)
the S0-integral converges. Furthermore, transforming the
integration contour C → C′ as shown in Fig. 14, it is
straightforward to reduce Φ˜(Ω) to an explicitly real form.
Therefore, only the singular point φ = π (where the result
of S0-integration diverges as 1/| cos φ2 |, implying that the
imaginary part of Φ˜(Ω) is determined by a delta-function
in φ-integral) contributes to (C.4), so that δσ
(1)
xx ∝W (π).
To find the corresponding coefficient, one can consider
the isotropic scattering W (φ) = const and to integrate
over φ first, yielding
δσ(1)xx =
e2
π
W˜ (π)Tτ, (C.5)
in agreement with (2.52). Note that the integral over
Ω is formally divergent at the upper limit. It should be
cut off at Ω ∼ EF /T yielding a temperature independent
contribution∼ e2W˜ (π)EF τ which renormalizes the value
of the Drude conductivity.
We now turn to the contribution δσ
(2)
xx of the second
(dynamical) term in the interaction propagator (C.3),
which differs from Eq. (C.4) by an extra factor −iΩ/[S0+
i(Ω + i0)]. Rotating at φ 6= π the integration contour as
before, we reduce the S0-integral to the form (S0 → −iY )
Ω2
∫ ∞
Ω
dY
Y 2
Y +Ω
(Y 2 cos2 φ2 +Ω
2 sin2 φ2 )
, (C.6)
which is again real and thus yields no contribution to
δσ
(2)
xx . Though the point φ = π is singular in this case as
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well, the singularity is only logarithmic (∼ ln | cos φ2 |), so
that no contribution proportional to W (π) arises. This
can be easily checked by assuming W (φ) = const and
performing the φ-integration first. Therefore
δσ(2)xx = 0,
and the linear-in-T term is given by Eq. (C.5).
In the above consideration we have expanded the bal-
listic propagatorD up to terms with one scattering event.
In the case of small-angle scattering this is justified pro-
vided Tτs ≫ 1, while in the intermediate temperature
range τ−1 ≪ T ≪ τ−1s processes with many scatter-
ing events dominate (though the particle motion is typ-
ically close to the straight line). The term δσ
(1)
xx which
is governed by anomalous processes of returns in a time
t . T−1 ≪ τ is exponentially small in this case, see
Sec. II C3. As to the δσ
(2)
xx contribution to the linear-in-T
term, it remains zero in this case as well. To demonstrate
this, we use Eq. (2.36). In the first and the third terms we
can replace D by the free propagator (2.50), the fourth
term gives no Tτ contribution, while in the second term
we should take into account the angular diffusion (2.9)
around the straight trajectory,
1
2
〈D〉 − 〈nxDnx〉 → −iω
2τ [q2v2F − (ω + i0)2]3/2
. (C.7)
Combining the contributions to Bxx of all the three
terms, we get
Bxx(ω, q) =
−iω
[q2v2F − (ω + i0)2]3/2
(
1
2
+
1
2
− 1
)
= 0,
(C.8)
so that the coefficient of the Tτ -term indeed vanishes.
APPENDIX D: SOLUTION OF
LIOUVILLE-BOLTZMANN EQUATION FOR A
SMOOTH DISORDER
In this appendix, we will solve the classical equation
for a propagator of a particle moving in a smooth random
potential in a magnetic field,[
−iω + iqvF cosφ+ ωc ∂
∂φ
− 1
τ
∂2
∂φ2
]
D(φ, φ′)
= 2πδ(φ− φ′). (D.1)
Here the polar angle of the velocity is counted from the
angle of q, φ− φq → φ.
We first consider the diffusive limit, Dq2, ω ≪ 1/τ ,
and solve this equation perturbatively in q for arbitrary
magnetic field. Putting q = 0, we obtain the solution in
the form
D(φ, φ′) =
∑
n
ein(φ−φ
′)
−iω + inωc + n2/τ , (D.2)
which is just a standard expansion in eigenfunctions of
the Liouville-Boltzmann operator. We now treat the
term δL = ivF q cosφ as a perturbation. The first-order
correction to the eigenvalues λ
(0)
n = −iω + inωc + n2/τ
vanishes, while the second order correction is
λ(2)n =
q2v2F
2
1
1− (iωcτ + 2n)2 (D.3)
and can be neglected along with −iω in all terms except
for n = 0 in the diffusive limit. The first order correction
to the right eigenfunction for n = 0 reads
Ψ
(1)
0,R(φ) = −
iqvF τ
1 + ω2cτ
2
[cosφ+ ωcτ sinφ], (D.4)
while the left eigenfunction differs from (D.4) by a re-
placement ωc → −ωc. Thus, in the diffusive limit the
propagator has the form
D(ω,q;φ, φ′) ≃ 1
Dq2 − iω
×
[
1− i qvF τ (cosφ + ωcτ sinφ )
1 + ω2cτ
2
]
×
[
1− i qvF τ (cosφ
′ − ωcτ sinφ′)
1 + ω2cτ
2
]
+
∑
n6=0
ein(φ−φ
′)
inωc + n2/τ
. (D.5)
In a strong magnetic field (ωcτ ≫ 1) one can go be-
yond the diffusion approximation. In this case one can
represent the propagator in the form
D(ω,q;φ, φ′) = d(ω,q;φ, φ′) exp[−iqRc(sinφ− sinφ′)],
(D.6)
and solve the equation for d(φ, φ′),[
−iω − i qvF
ωcτ
sinφ +
{
ωc + 2i
qvF
ωcτ
cosφ
}
∂
∂φ
+
1
τ
(
qvF
ωc
)2
cos2 φ − 1
τ
∂2
∂φ2
]
d(φ, φ′)
= 2πδ(φ− φ′) (D.7)
perturbatively in q. At q = 0 we have the same solution
(D.2) as in the diffusive limit. The first order correc-
tion to the eigenvalues is now produced by the q2-term
in (D.7), λ
(1)
n = Dq2, with D = R2c/2τ the diffusion
constant in a strong magnetic field. The second order
corrections λ
(2)
n turn out to be small compared to λ
(1)
n
for (qRc)
2 ≪ ωcτ . As in the diffusive limit, for calcula-
tion of Bxx the corrections to the eigenfunctions Ψn with
n 6= 0 can be neglected. The first-order correction to Ψ0
is found to be (we drop the term ∝ sin 2φ, since it does
not contribute to Bxx in the leading order)
Ψ
(1)
0 (φ) ≃ −
iqvF τ cosφ
(ωcτ)2
, (D.8)
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leading to Eq. (3.1).
To calculate the kernel Bxy, we need a more accurate
form of the propagator. Therefore, we should analyze
the corrections to the eigenvalues and eigenfunctions of
the Liouville-Boltzmann operator to the next order in
(qRc)
2/ωcτ . To do this, it is convenient to perform the
transformation
D(ω,q;φ, φ′) = d˜(ω,q;φ, φ′)
× exp
{
−i qRc
1 + β2
[β2(sinφ− sinφ′)
+ β(cosφ− cosφ′)]
}
, (D.9)
and introduce the dimensionless variables β = ωcτ, Q˜ =
qRcβ/(1 + β
2)1/2, Ω = 2ωτ . The equation for
d˜(ω,q;φ, φ′) takes then the form[
−iΩ
2
+ Q˜2 cos2 φ˜ + β
∂
∂φ˜
+2iQ˜ cos φ˜
∂
∂φ˜
− ∂
2
∂φ˜2
]
d˜(ω,q; φ˜, φ˜′)
= 2πτδ(φ − φ′), (D.10)
where we performed a rotation φ˜ = φ+φβ , φβ = arccotβ.
Treating for Q˜2 ≪ max[1, β] (i.e. (qRc)2 ≪ ωcτ in a
strong magnetic field, β ≫ 1) the term
δLˆ =
Q˜2
2
cos 2φ˜+ 2iQ˜ cos φ˜
∂
∂φ˜
(D.11)
as a perturbation to the operator
Lˆ0 = −iΩ
2
+
Q˜2
2
+ β
∂
∂φ˜
− ∂
2
∂φ˜2
, (D.12)
we find the unperturbed solution
d˜0(φ˜, φ˜
′) = 2τ
∑
n
ein(φ˜−φ˜
′)
−iΩ+ Q˜2 + 2inβ + 2n2 , (D.13)
and the first-order correction to the eigenvalues λ˜
(1)
n = 0.
Calculating the n = 0 eigenfunctions and eigenvalue up
to the second order in the perturbation (D.11) we finally
obtain the singular part of the propagator for β ≫ 1 with
required accuracy,
Ds(ω,q;φ, φ′) = 2τ exp[−iQ(sinφ− sinφ′)]
× χR(φ,Q)χL(φ
′, Q)
Q2[1− (1−Q2/4)/β2]− iΩ , (D.14)
where Q = qRc and the functions χR,L(φ,Q) are given
by
χR,L(φ,Q) = 1− 1
β
[
iQ cosφ± Q
2
4
sin 2φ
]
+
1
β2
[
Q2
4
± iQ(1 + 5Q
2
8
) sinφ
− 5Q
2
4
cos 2φ± 7iQ
3
24
sin 3φ
+
Q4
64
(1− cos 4φ)
]
. (D.15)
As to the regular part of the propagator, for n 6= 0 it is
sufficient to calculate the eigenfunctions to the first order
in the perturbation, which yields
Dreg(ω,q;φ, φ′) = 2τ exp[−iQ(sinφ− sinφ′)]
×
∑
n6=0
ΨR(φ
′, Q;n)ΨL(φ
′, Q;n)
−iΩ+Q2 + 2inβ + 2n2 e
in(φ−φ′), (D.16)
where
ΨR,L(φ
′, Q;n) = 1− iQ
β
cosφ
∓ Q
2
4β
sin 2φ± 2nQ
β
sinφ.
(D.17)
The results (D.14)-(D.17) allow us to calculate the ker-
nel Bxy(ω,q) in the first non-vanishing order in β
−1, see
Sec. III G.
APPENDIX E: PROPAGATOR FOR
ANISOTROPIC SYSTEMS
In this Appendix, we assume that the collision integral
Cˆ induces a transport anisotropy, i.e. that the scattering
cross-section W (φ, φ′) is not a function of φ − φ′. The
propagator D(ω,q;φ, φ′) satisfies the equation[
−iω + iqvF cos(φ− φq) + ωc ∂
∂φ
+ Cˆ
]
D(ω,q;φ, φ′)
= 2πδ(φ− φ′), (E.1)
where
[CˆΨ](φ) = ν
∫
dφ′
2π
[Ψ(φ)−Ψ(φ′)]W (φ, φ′). (E.2)
We first consider the diffusive limit and concentrate on
the leading contribution Ds governed by the diffusion
mode.
This requires finding a lowest eigenvalue Λ0 of the op-
erator in the l.h.s. of (E.1) and the corresponding left and
right eigenfunctions. Treating the term iqvF cos(φ − φ′)
perturbatively as in Appendix E, we find
ΨR,L(φ) = 1− iqvF
(
±ωc ∂
∂φ
+ Cˆ
)−1
cos(φ− φq) (E.3)
and
Λ0 = Dαβqαqβ − iω, (E.4)
34
with the diffusion tensor
Dαβ = v
2
F
〈
nα
(
±ωc ∂
∂φ
+ Cˆ
)−1
nβ
〉
. (E.5)
We thus get the result (6.5) for the singular contribution
Ds, with ΨR,L given by (E.3).
In a strong magnetic field (ωcτ ≫ 1), we can go be-
yond the diffusive limit. Proceeding as for an isotropic
system, we perform the transformation (D.6). Treat-
ing the q-dependent terms in the obtained equation for
d(ω,q;φ, φ′) as a perturbation and keeping the singular
contribution only, we come to the result (6.10), where
χ(φ) can be represented symbolically as
χ(φ) = 1 +
iqvF
ω2c
(
∂
∂φ
)−1
Cˆ sin(φ− φq). (E.6)
According to (3.3)-(3.5), we only need to calculate aver-
ages of the type 〈D〉 and 〈nαD〉, so that it is sufficient
to keep the zero and first harmonics in φ in Eq. (6.10).
Using
〈nαCˆnβ〉 =
(
τ−1x
τ−1y
)
, (E.7)
we then reduce (E.6) to the form (6.11).
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